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ɍȾɄ 517.9 
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ɩɪɢ ɷɥɟɤɬɪɨɲɥɚɤɨɜɨɦ ɩɟɪɟɩɥɚɜɟ  
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Ɇɢɧɟɧɤɨ Ⱥ.ɋ., Ɋɚɞɟɜɢɱ ȿ.ȼ. ɉɪɢɛɥɢɠɟɧɧɵɣ ɚɧɚɥɢɡ ɦɨɞɟɥɢɪɨɜɚɧɢɹ ɩɪɨɰɟɫɫɚ 
ɤɪɢɫɬɚɥɥɢɡɚɰɢɢ ɩɪɢ ɷɥɟɤɬɪɨɲɥɚɤɨɜɨɦ ɩɟɪɟɩɥɚɜɟ. Ɉɫɭɳɟɫɬɜɥɹɟɬɫɹ аɧаɥɢɡ ɩɪɨɛɥɟмɵ 
ɫɭɳɟɫɬɜɨɜаɧɢɹ ɝɥаɞкɢɯ ɪɟɲɟɧɢɣ кɨɧɜɟкɬɢɜɧɨɣ ɡаɞаɱɢ ɋɬɟɮаɧа ɫ ɭɱɟɬɨм ɭɫɥɨɜɢɣ 
ɢɡɨɬɟɪмɢɱɧɨɫɬɢ. Такɠɟ ɧаɪɹɞɭ ɫɨ ɫɬацɢɨɧаɪɧɨɣ ɡаɞаɱɟɣ ɋɬɟɮаɧа, ɭɱɢɬɵɜаɸɳɟɣ 
кɨɧɜɟкɬɢɜɧɵɟ ɞɜɢɠɟɧɢɹ ɜ ɠɢɞкɨɣ ɮаɡɟ, ɢɡɭɱаɟɬɫɹ ɡаɞаɱа ɋɬɟɮаɧа ɛɟɡ ɭɱɟɬа кɨɧɜɟкцɢɢ: 

Ʉɥɸɱɟɜɵɟ ɫɥɨɜɚ: ɮɭɧкцɢɨɧаɥ, кɪɢɫɬаɥɥɢɡацɢɹ, ɬɟɩɥɨɜɨɣ ɩɨɬɨк, ɭɩɪаɜɥɟɧɢɟ, кɪаɟɜаɹ 
ɡаɞаɱа, мɨɞɟɥɢɪɨɜаɧɢɟ. 

ȼɜɟɞɟɧɢɟ 

Ɋаɫɩɪɨɫɬɪаɧɟɧɢя ɬɟɩɥа ɜ ɪаɡɥɢчɧɵɯ ɫɪɟɞаɯ 
ɨɤаɡɵɜаɟɬ ɛɨɥɶɲɨɟ ɜɥɢяɧɢɟ ɧа ɯаɪаɤɬɟɪ 
ɩɪɨɬɟɤаɧɢя ɦɧɨɝɢɯ ɜаɠɧɵɯ ɞɥя ɩɪаɤɬɢɤɢ 
ɩɪɨɰɟɫɫɨɜ. ɋɪɟɞɢ ɡаɞач, ɫɜяɡаɧɧɵɯ ɫ 
ɪаɫɩɪɨɫɬɪаɧɟɧɢɟɦ ɬɟɩɥа, ɜɵɞɟɥяɟɬɫя ɤɥаɫɫ ɡаɞач, 
ɜ ɤɨɬɨɪɵɯ ɢɫɫɥɟɞɭɟɦɨɟ ɜɟщɟɫɬɜɨ ɩɟɪɟɯɨɞɢɬ ɢɡ 
ɨɞɧɨɣ ɮаɡɵ ɜ ɞɪɭɝɭɸ ɫ ɜɵɞɟɥɟɧɢɟɦ ɢɥɢ 
ɩɨɝɥɨщɟɧɢɟɦ ɬɟɩɥа. 

ɐɟɥɶ ɢ ɡɚɞɚɱɢ ɫɬɚɬɶɢ 

ɐɟɥɶɸ ɞаɧɧɨɣ ɪаɛɨɬɵ яɜɥяɟɬɫя 
ɦɨɞɟɥɢɪɨɜаɧɢɟ ɩɪɨɰɟɫɫа ɤɪɢɫɬаɥɥɢɡаɰɢɢ 
ɦɟɬаɥɥа, ɢɡɭчɟɧɢɟ ɩɪɨɰɟɫɫа ɡаɜɟɪɲɟɧɢя  
ɩɨɥɭчɟɧɢя ɫɥɢɬɤа ɜ ɤɪɢɫɬаɥɥɢɡаɬɨɪɟ ɩɭɬɟɦ ɟɝɨ 
ɜɵɬяɝɢɜаɧɢя. 

Ɋаɫɫɦаɬɪɢɜаɟɬɫя ɡаɞача ɭɩɪаɜɥɟɧɢя 
ɢɧɮɨɪɦаɰɢɨɧɧɵɦɢ ɩɪɨɰɟɫɫаɦɢ ɩɪɢ 
аɜɬɨɦаɬɢɡаɰɢɢ ɬɟɯɧɨɥɨɝɢɣ ɬɟɩɥɨɜɨɣ ɨɛɪаɛɨɬɤɢ 
ɦɟɬаɥɥа, ɧа ɨɫɧɨɜɟ ɦаɬɟɦаɬɢчɟɫɤɨɝɨ 
ɦɨɞɟɥɢɪɨɜаɧɢя, аɧаɥɢɡа ɫɬаɬɢɫɬɢчɟɫɤɢɯ ɞаɧɧɵɯ 
ɢ ɬɟɩɥɨɮɢɡɢчɟɫɤɢɯ ɷɤɫɩɟɪɢɦɟɧɬаɥɶɧɵɯ 
ɢɡɦɟɪɟɧɢɣ. ȼ ɤачɟɫɬɜɟ ɢɫɬɨчɧɢɤа ɢɧɮɨɪɦаɰɢɢ 
ɢɫɫɥɟɞɭɟɬɫя ɦаɬɟɦаɬɢчɟɫɤая ɦɨɞɟɥɶ, ɨɫɧɨɜаɧɧая 
ɧа ɩɪɨɫɬɪаɧɫɬɜɟɧɧɨɣ ɡаɞачɟ ɋɬɟɮаɧа, ɫ ɭчɟɬɨɦ 
ɤɨɧɜɟɤɬɢɜɧɨɝɨ ɞɜɢɠɟɧɢя ɢ ɩɪɢɦɟɫɟɣ ɜ ɠɢɞɤɨɣ 
ɮаɡɟ. 

ɉɨɫɬɚɧɨɜɤɚ ɡɚɞɚɱɢ 

 ɉɭɫɬɶ D = ( -1< x < 1, в < 0) ɩɨɥɭɩɨɥɨɫа, 
ɡаɩɨɥɧɟɧɧая ɬɜɟɪɞɵɦ ɦɟɬаɥɥɨɦ. Ɉɛɨɡɧачɢɦ 
чɟɪɟɡ Ю (x, в) ɬɟɦɩɟɪаɬɭɪɭ ɷɬɨɝɨ ɦɟɬаɥɥа. 
Ɍɪɟɛɭɟɬɫя ɨɩɪɟɞɟɥɢɬɶ ɬɟɦɩɟɪаɬɭɪɭ Ю (x, в) ɩɨ 
ɫɥɟɞɭɸщɢɦ ɭɫɥɨɜɢяɦ: 

 

uxx + uyy + ωuy = 0,(x, y) D, (1) 

ux ± ω0u = 0,x = ±1, -ω< y < 0, (2) 

u (x, -∞) = 0, (3) 

uy (x, 0) = v (x), -1 ≤ б ≤ 1, (4) 

 

ɡɞɟɫɶ ω ɢ ω0 – ɩɨɫɬɨяɧɧɵɟ, ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ, 
чɢɫɥɨ ɉɟɤɥɟ ɢ ɇɭɫɫɟɥɶɬа. 

Ɋɟɲɟɧɢɟ ɡаɞачɢ (1)-(4) ɢɦɟɟɬ ɜɢɞ 
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ɩɨɥɨɠɢɬɟɥɶɧɵɟ ɤɨɪɧɢ ɭɪаɜɧɟɧɢя 
0ctg    . 

Ɉɬɨɠɞɟɫɬɜɢɦ ɬɟɩɟɪɶ ɬɟɦɩɟɪаɬɭɪɭ Ю (x, в) ɫ 
ɬɟɦɩɟɪаɬɭɪɨɣ ɬɜɟɪɞɨɝɨ ɫɥɢɬɤа ɧаɯɨɞящɟɝɨɫя ɜ 
ɤɪɢɫɬаɥɥɢɡаɬɨɪɟ ɩɪɢ ɷɥɟɤɬɪɨɲɥаɤɨɜɨɦ 
ɩɟɪɟɩɥаɜɟ. Ⱦɥя ɜɵɬяɝɢɜаɧɢя ɫɥɢɬɤа ɢɡ 
ɤɪɢɫɬаɥɥɢɡаɬɨɪа ɩɨɜɟɪɯɧɨɫɬɶ ɫɥɢɬɤа 
ɩɪɟɞɜаɪɢɬɟɥɶɧɨ ɨɛɨɝɪɟɜаɟɬɫя ɬɪɟɦя 
ɷɥɟɤɬɪɨɧɧɵɦɢ ɥɭчаɦɢ А1, Аβ ɢ Аγ, ɩɪɢчɟɦ 
ɦɨщɧɨɫɬɶ Аγ ɨɞɧɨɝɨ ɢɡ ɧɢɡ ɪаɜɧɨɦɟɪɧɨ 
ɪаɫɩɪɟɞɟɥɟɧа ɜ ɰɟɧɬɪаɥɶɧɨɣ ɡɨɧɟ д -1 ˄ x ˅ 1, в = 
0ж, а ɞɜа ɞɪɭɝɢɯ ɫɤɨɧɰɟɧɬɪɢɪɨɜаɧɵ ɩɨ ɤɪаяɦ x = 
±1 Д1Ж. ɇɟɡаɜɢɫɢɦɨ ɨɬ ɬɨɝɨ, ɜ ɤаɤɨɦ ɨɬɧɨɲɟɧɢɢ 
ɧаɯɨɞɢɬɫя ɬɟɦɩɟɪаɬɭɪа ɩɨɜɟɪɯɧɨɫɬɢ ɫɥɢɬɤа ɫ 
ɤɪɢɬɢчɟɫɤɨɣ ɬɟɦɩɟɪаɬɭɪɨɣ Ɍɤ, ɩɪɢ ɤɨɬɨɪɨɣ 

ɩɨɜɟɪɯɧɨɫɬɶ ɫɥɢɬɤа ɨɬɞɟɥяɟɬɫя ɨɬ ɫɬɟɧɨɤ 
ɤɪɢɫɬаɥɥɢɡаɬɨɪа, ɬɟɩɥɨɨɛɦɟɧ ɫɥɢɬɤа ɫ 
ɤɪɢɫɬаɥɥɢɡаɬɨɪɨɦ ɨɫɭщɟɫɬɜɥяɟɬɫя ɩɨ ɮɨɪɦɭɥɟ 
(β). Ⱦɥя ɩɨɥɭчɟɧɢя ɬɟɦɩɟɪаɬɭɪɵ ɫɥɢɬɤа 
ɞɨɫɬаɬɨчɧɨ ɩɨɥɨɠɢɬɶ ɜ ɮɨɪɦɭɥɟ (5) Я(x)  = (А1, 

W2, W3). 

Ⱦаɥɟɟ ɜɜɟɞɟɦ ɜ ɪаɫɫɦɨɬɪɟɧɢɟ 
ɮɭɧɤɰɢɨɧаɥ: 

 

0

2( ) ( (1, ) )k

n

I v u y T dy  .            (6) 

Ɋɚɫɫɦɚɬɪɢɜɚɟɬɫɹ ɡɚɞɚɱɚ. Ɍɪɟɛɭɟɬɫя 
ɨɩɪɟɞɟɥɢɬɶ ɩɨɬɨɤ Я(x) ɢɡ ɞɨɩɭɫɬɢɦɨɝɨ ɦɧɨɠɟɫɬɜа 
U, ɞɨɫɬаɜɥяɸщɢɣ ɧаɢɦɟɧɶɲɟɟ ɡɧачɟɧɢɟ 
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ɮɭɧɤɰɢɨɧаɥɭ I(Я). Ɇɢɧɢɦɢɡɢɪɭɸщая 
ɩɨɫɥɟɞɨɜаɬɟɥɶɧɨɫɬɶ Яn ɫɬɪɨɢɬɫя ɩɨ ɮɨɪɦɭɥɟ

1 1( ),n n n n nv v e v v     ɩаɪаɦɟɬɪ ɟn 

ɜɵɛɢɪаɟɬɫя ɢɡ ɭɫɥɨɜɢя 
1min ( ( ))n n n nI v e v v  , 

0 ˄ Оn ˄ 1 (β). ȼ ɤачɟɫɬɜɟ ɨɛɥаɫɬɢ ɨɩɪɟɞɟɥɟɧɢя 
ɮɭɧɤɰɢɢ U ɛɟɪɟɬɫя ɦɧɨɠɟɫɬɜɨ ɤɭɫɨчɧɨ-

ɩɨɫɬɨяɧɧɵɯ ɫɬɭɩɟɧчаɬɵɯ ɮɭɧɤɰɢɣ:
, 1, , 0,1,2,..., .k k k kv v x x x v const k m    

 
ɉɪɢ ɷɬɨɦ ɮɨɪɦɭɥа (5) ɢɦɟɟɬ ɜɢɞ: 
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ɉɪɢ чɢɫɥɟɧɧɨɣ ɪɟаɥɢɡаɰɢɢ ɡаɞачɢ 
ɧɟɨɛɯɨɞɢɦɨ ɭчɟɫɬɶ ɨɝɪаɧɢчɟɧɢɟ β500 ˄ Я(x) ˄ 
5000, ɡɞɟɫɶ Я(x) – ɦɨщɧɨɫɬɶ ɩɨɬɨɤа ɜ ɟɞɢɧɢɰаɯ 
Ɇȼɬ/ɦ2, а ɬаɤɠɟ ω = β,66, ω = γ,05. 

 

1. Ɋɟɲɟɧɢɟ ɡɚɞɚɱɢ ɦɟɬɨɞɨɦ ɧɭɥɟɜɨɝɨ 
ɩɪɢɛɥɢɠɟɧɢɟ.  

ɇаɣɞɟɦ ɦɢɧɢɦɭɦ ɮɭɧɤɰɢɨɧаɥа (6), ɜ 
ɫɥɭчаɟ ɤɨɝɞа = , ɝɞɟ 
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Ɇɢɧɢɦɭɦ ɮɭɧɤɰɢɨɧаɥа (6) ɧаɯɨɞɢɦ ɢɡ 
ɭɫɥɨɜɢя 
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ɇɟɩɨɫɪɟɞɫɬɜɟɧɧɵɟ ɜɵчɢɫɥɟɧɢя 
ɩɨɤаɡɵɜаɸɬ, чɬɨ 
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ɉɟɪɜɨɟ ɩɪɢɛɥɢɠɟɧɢɟ. ɇаɣɞɟɦ ɬɟɩɟɪɶ 

ɦɢɧɢɦɭɦ ɮɭɧɤɰɢɨɧаɥа (6), ɜ ɫɥɭчаɟ ɤɨɝɞа  
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ɉɨɫɬɭɩая, аɧаɥɨɝɢчɧɨ ɬɨɦɭ, ɤаɤ ɷɬɨ 
ɛɵɥɨ ɫɞɟɥаɧɨ ɜ ɫɥɭчаɟ ɧɭɥɟɜɨɝɨ ɩɪɢɛɥɢɠɟɧɢя, 
ɩɨɥɭчɢɦ: 
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Ⱦаɥɟɟ, ɢɦɟɟɬ ɦɟɫɬɨ ɫɥɟɞɭɸщая ɮɨɪɦɭɥа: 
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T v H T
 

      
 


  

 

 

ɉɪɢɛɥɢɠɟɧɢɟ ɥɸɛɨɝɨ ɩɨɪяɞɤа. 
Ⱥɧаɥɨɝɢчɧɵɦ ɨɛɪаɡɨɦ ɦɨɠɧɨ ɢɫɫɥɟɞɨɜаɬɶ 
ɦɢɧɢɦɭɦ ɮɭɧɤɰɢɨɧаɥа I(Яn), ɤɨɝɞа 

 

 

 
Ɉɰɟɧɢɬɶ ɩɨɝɪɟɲɧɨɫɬɶ ɩɪɟɞɥаɝаɟɦɨɝɨ 

ɦɟɬɨɞа ɜɵчɢɫɥɟɧɢя ɦɢɧɢɦɭɦа ɮɭɧɤɰɢɨɧаɥа (6) 
ɦɨɠɧɨ, ɢɫɩɨɥɶɡɭя ɫɥɟɞɭɸщɟɟ ɭɬɜɟɪɠɞɟɧɢɟ. 

ɉɪɢ ɞɨɫɬаɬɨчɧɨ ɦаɥɵɯ ɡɧачɟɧɢяɯ ω ɢ ɩɪɢ 
(x,y) D  ɫɩɪаɜɟɞɥɢɜа ɨɰɟɧɤа: 

2 2
21 1

0 2

cos cos (1 ) 1
| |

cos ( )
[1 ]

k

k k

H
y yk k

k n k nk
k k

k

x e
e e

k


  

   


 

   





   

ɉɪɢ ɞɨɤаɡаɬɟɥɶɫɬɜɟ ɷɬɨɝɨ ɭɬɜɟɪɠɞɟɧɢя 
ɜɨɫɩɨɥɶɡɨɜаɬɶɫя ɫɨɨɬɧɨɲɟɧɢɟɦ: 

,k nn   
 
ɝɞɟ 0n   ɞɥя ɜɫɟɯ [2]n .
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ɋɩɪаɜɟɞɥɢɜɨ ɬаɤɠɟ ɭɬɜɟɪɠɞɟɧɢɟ. ɉɭɫɬɶ 
ɜɵɩɨɥɧɟɧɵ ɭɫɥɨɜɢя 0 2 2,tg    

2

0 ,  0 ,
16

A
     0 10 ( )v v x v   , 

ɩɪɢ [ 1,1]x  , ɝɞɟ 
0 1 ɢ v v  – ɧɟɤɨɬɨɪɵɟ 

ɩɨɫɬɨяɧɧɵɟ. Ɍɨɝɞа ɪɟɲɟɧɢɟ ɤɪаɟɜɨɣ ɡаɞачɢ (1)-
(5) ɭɞɨɜɥɟɬɜɨɪяɟɬ ɫɥɟɞɭɸщɢɦ ɭɫɥɨɜɢяɦ ɩɪɢ (x,в)

D : 

 1 0 1( , ) exp( ) expyu x y C y C y      

 0 0 1 0 1exp( ) ( , ) exp( ) exp ,C y u x y C y C y    
 

2 2

1 0 2

6 (1 cos ) 3(1 )(1 cos )cosɝɞɟ , .
3(1 cos ) 6 (1 cos )

A A A A A
C C

A A A

   
 

  
 

Ⱦɥя ɭɬɜɟɪɠɞɟɧɢя ɧɟɨɛɯɨɞɢɦɨ ɫɪаɜɧɢɬɶ ɫ 
ɩɨɦɨщɶɸ ɩɪɢɧɰɢɩа ɦаɤɫɢɦɭɦа ɮɭɧɤɰɢɢ 

( , ) ɢ ( , ),  ɝɞɟ ( , )y yu x y v x y v x y  – ɪɟɲɟɧɢɟ 
ɡаɞачɢ (1)-(5) ɜ ɩɪɟɞɩɨɥɨɠɟɧɢɢ, чɬɨ 

1( ,0)  ɩɪɢ x Д 1,1Жyv x v   .  

Ⱦаɥɟɟ, ɪаɫɫɦаɬɪɢɜаɟɬɫя ɮɭɧɤɰɢя 
( , ) ( , ) ( , ), (x,y)y yf x y v x y u x y D    ɢ 

ɞɨɤаɡɵɜаɟɬɫя, чɬɨ ( , )f x y  ɜ D . 

Ⱦɟɣɫɬɜɢɬɟɥɶɧɨ, ɮɭɧɤɰɢя ( , )f x y  ɧɟ 
ɦɨɠɟɬ ɩɪɢɧɢɦаɬɶ ɧаɢɦɟɧɶɲɟɟ ɨɬɪɢɰаɬɟɥɶɧɨɟ 
ɡɧачɟɧɢɟ ɜɧɭɬɪɢ D ɜ ɫɢɥɭ ɩɪɢɧɰɢɩа ɦаɤɫɢɦɭɦа. 
ɇа ɜɟɪɬɢɤаɥɶɧɵɯ чаɫɬяɯ ɝɪаɧɢɰɵ x = ±1 ɮɭɧɤɰɢя 

( , )xf x y  ɬаɤɠɟ ɧɟ ɦɨɠɟɬ ɩɪɢɧɢɦаɬɶ 
ɨɬɪɢɰаɬɟɥɶɧɵɣ ɦɢɧɢɦɭɦ. ȼ ɬаɤɨɣ ɬɨчɤɟ ɢɦɟɥɢ 
ɛɵ ( , ) 0xf x y  , ɦɟɠɞɭ ɬɟɦ 

0( , ) ( , ) 0xf x y f x y   , x=±1, ɬаɤ ɤаɤ 

( , ) 0f x y  , ɩɨ ɩɪɟɞɥɨɠɟɧɢɸ. ɇа 
ɛɟɫɤɨɧɟчɧɨɫɬɢ ɮɭɧɤɰɢя ( , )f x y  ɢɫчɟɡаɟɬ, ɬ.ɟ. 

( , ) 0f x  
. 

ɇа ɝɪаɧɢɰɟ в = 0, -1˄ x ˄ 1 ɢɦɟɟɬ 

1( ,0) ( ,0) ( ,0) ( ) 0y yf x v x u x v v x      

ɋɥɟɞɨɜаɬɟɥɶɧɨ, ɜɫɸɞɭ ɜ D  ɫɩɪаɜɟɞɥɢɜɨ 
ɧɟɪаɜɟɧɫɬɜɨ ( , ) ( , ) ɩɪɢ (x,в)y yu x y v x y D  . 

Ɉɬɫɸɞа ɫ ɩɨɦɨщɶɸ ɢɧɬɟɝɪɢɪɨɜаɧɢя ɩɨ 
ɩɟɪɟɦɟɧɧɨɣ в ɫɥɟɞɭɟɬ ɨɰɟɧɤа ɞɥя ɮɭɧɤɰɢɢ Ю(x,в) 
ɫɜɟɪɯɭ. Ⱥɧаɥɨɝɢчɧɵɦ ɨɛɪаɡɨɦ, ɦɨɠɧɨ ɩɨɥɭчɢɬɶ 
ɨɰɟɧɤɭ ɧа ɩɪɨɢɡɜɨɞɧɭɸ Ю2(x,в) ɫɜɟɪɯɭ ɩɪɢ (x,в)ϵ
D . ɉɨɥɭчɟɧɧɵɟ ɨɰɟɧɤɢ ɩɨɡɜɨɥяɸɬ ɨɰɟɧɢɬɶ 
ɬɟɦɩɟɪаɬɭɪɭ Ю(x,в) ɢ ɬɟɩɥɨɜɨɣ ɩɨɬɨɤ ɜɧɭɬɪɢ 
ɨɛɥаɫɬɢ D ɧɟ ɩɪɢɛɟɝая ɤ ɪɟɲɟɧɢɸ ɡаɞачɢ (1)-(4) 

[3-4]. 

2. Ɇɢɧɢɦɢɡɚɰɢɹ I(�) ɩɪɢ ɫɬɭɩɟɧɱɚɬɨɣ 
ɮɭɧɤɰɢɢ �ሺx). 

ɂɦɟɟɦ  
u(x,y) =2∑ c୭ୱ ఒ೙௫�ഋ೙೤ఓ೙ቆଵ+ఠబcosమ ഊ೙ഊ೙మ ቇ∞௡=଴ ׬ �ሺߞሻ cos ௡ߣ ଵ଴ߞ݀ߞ , 

Ɂɞɟɫɶ �ሺݔሻ = �ଵ ɩɪɢ 0˄x˄ݔଵ,  �ሺݔሻ = �ଶ ɩɪɢ ݔଵ˄x˄1, Nଵ ൑ �ሺݔሻ ൑ ଶܰ. 

ȼ ɞаɥɶɧɟɣɲɟɦ ɩɨɥɨɠɢɦ 

 �ଶ = ଶܰ ɢ ଴݂ሺݔ, ሻݕ = ʹ c୭ୱ ఒబ௫�ഋబ೤ఓబቆଵ+ఠబcosమ ഊబഊబమ ቇ ሺܽ�ଵ + ܾ ଶܰሻ. 

Ɍɪɟɛɭɟɬɫя ɧаɣɬɢ min I ɢ �ଵ, ɝɞɟ ܫሺ�ଵ, ଶܰሻ ׬= ሺ ଴݂ሺͳ, ሻሺܽ�ଵݕ + ܾ ଶܰሻ − �∗ሻ݀ݕ, ɬ. ɟ. డூడ�భ = Ͳ଴ு .  

ɂɦɟɟɦ: 

�ଵ = [ʹ�∗ c୭ୱ ఒబ(ଵ−�ഋబ�)ఓబమቆଵ+ఠబcosమ ഊబഊబమ ቇ − ʹܾ ଶܰ c୭ୱమ ఒబ(ଵ−�మഋబ�)ఓబయቆଵ+ఠబcosమ ഊబഊబమ ቇయ] 

[ʹܽ c୭ୱమ ఒబሺଵ−�మഋబ�ሻఓబయቆଵ+ఠబcosమ ഊబഊబమ ቇయ]−ଵ
. 

Ɂɞɟɫɶ a=
ୱi୬ ఒబ௫భఒబ , b = ୱi୬ ఒబ−ୱi୬ ఒబ௫భఒబ ,ሺ�ଵܫ  .  ଶܰሻ = ׬ ሺ ଴݂ሺͳ, ሻሺܽ�ଵݕ + ܾ ଶܰሻ − �∗ሻଶ݀ݕ =଴ு

 [ʹሺܽ�ଵ + ܾ ଶܰሻ ଶc୭ୱమ ఒబఓబమቆଵ+ఠబcosమ ഊబഊబమ ቇయ]ଶ ଵ−�మഋబ�ఓబ  -

2�∗ሺܽ�ଵ + ܾ ଶܰሻ c୭ୱ ఒబ(ଵ−�ഋబ�)ఓబమቆଵ+ఠబcosమ ഊబഊబమ ቇ + �∗ଶ. 

Ⱦаɥɟɟ ɢɦɟɟɦ: ݑଵ(x,y)=2
c୭ୱ ఒబ௫�ഋబ೤ఓబቆଵ+ఠబcosమ ഊబഊబమ ቇ ׬ �ሺߞሻ cos ଴ߣ ߞ݀ߞ +ଵ଴ʹ c୭ୱ ఒభ௫�ഋభ೤ఓభቆଵ+ఠబcosమ ഊభഊభమ ቇ ׬ �ሺߞሻ cos ଴ߣ ߞ݀ߞ =ଵ଴  

ʹ c୭ୱ ఒబ௫�ഋబ೤ఓబమቆଵ+ఠబcosమ ഊబഊబమ ቇ ሺܽ଴�ଵ + ܾ଴ ଶܰሻ + ሺܽ଴�ଵ +
ܾ଴ ଶܰሻ + ʹ c୭ୱ ఒభ௫�ഋబ೤ఓభమቆଵ+ఠబcosమ ഊభഊభమ ቇ ሺܽଵ�ଵ + ܾଵ ଶܰሻ,  

ɝɞɟ ܽ଴=
ୱi୬ ఒబ௫భఒబ , b = ୱi୬ ఒబ−ୱi୬ ఒబ௫భఒబ  ܽଵ=

ୱi୬ ఒభ௫భఒభ , bଵ = ୱi୬ ఒభ−ୱi୬ ఒభ௫భఒభ . 

଴݂ሺݔ, ሻݕ = ʹ c୭ୱ ఒబ௫�ഋబ೤ఓబቆଵ+ఠబcosమ ഊబഊబమ ቇ,  

ଵ݂ሺݔ, ሻݕ = ʹ c୭ୱ ఒభ௫�ഋబ೤ఓభቆଵ+ఠబcosమ ഊభഊభమ ቇ. 

Ȼɵɥɢ ɩɪɨɞɟɥаɧɵ чɢɫɥɟɧɧɵɟ ɷɤɫɩɟɪɢɦɟɧɬɵ 
ɩɪɢ ɨɩɪɟɞɟɥɟɧɧɵɯ ɩаɪаɦɟɬɪаɯ. Ⱥɧаɥɢɡ 
чɢɫɥɟɧɧɵɯ ɪɟɡɭɥɶɬаɬɨɜ ɩɨɤаɡɵɜаɟɬ ɭɛɵɜаɧɢɟ 
ɡɧачɟɧɢя ɮɭɧɤɰɢɨɧаɥа ɧа ɩɟɪɜɨɦ ɢ ɜɬɨɪɨɦ 
ɩɪɢɛɥɢɠɟɧɢяɯ, чɬɨ ɫɨɨɬɜɟɬɫɬɜɭɟɬ ɫɦɵɫɥɭ 
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ɬɟɩɥɨɮɢɡɢчɟɫɤɢɯ ɩɪɨɰɟɫɫɨɜ ɩɪɨɢɫɯɨɞящɢɯ ɩɪɢ 
ɷɥɟɤɬɪɨɲɥаɤɨɜɨɦ ɩɟɪɟɩɥаɜɟ (ɗɒɉ). 

 

3. Ɇɚɬɟɦɚɬɢɱɟɫɤɨɟ ɦɨɞɟɥɢɪɨɜɚɧɢɟ 
ɩɪɨɰɟɫɫɨɜ ɤɪɢɫɬɚɥɥɢɡɚɰɢɢ ɦɟɬɚɥɥɚ ɫ ɭɱɟɬɨɦ 
ɤɨɧɜɟɤɰɢɢ ɢ ɩɪɢɦɟɫɟɣ. 

 

ɉɭɫɬɶ Г0 – ɝɥаɞɤая ɡаɦɤɧɭɬая ɩɨɜɟɪɯɧɨɫɬɶ, 
ɥɟɠащая ɜɧɭɬɪɢ ɡаɞаɧɧɨɣ ɨɛɥаɫɬɢ Ω0 ɢ R3, ɝɪаɧɢɰа 
ɤɨɬɨɪɨɣ ɫɨɫɬɨɢɬ ɢɡ ɞɜɭɯ ɡаɦɤɧɭɬɵɯ, ɫɜяɡаɧɧɵɯ, 
ɝɥаɞɤɢɯ ɩɨɜɟɪɯɧɨɫɬɟɣ Г଴+ ɢ Г଴−, ɧɟ ɢɦɟɸщɢɯ 
ɫаɦɨɩɟɪɟɫɟчɟɧɢɣ ɩɪɢ ɷɬɨɦ Г଴− ɥɟɠɢɬ ɜɧɭɬɪɢ 
ɨɝɪаɧɢчɟɧɧɨɣ ɨɛɥаɫɬɢ, ɝɪаɧɢɰɟɣ ɤɨɬɨɪɨɣ яɜɥяɟɬɫя 
Г0.  ɉɨɜɟɪɯɧɨɫɬɶ Г0 ɪаɡɛɢɜаɟɬ Ω0 ɧа ɜɞɟ ɩɨɞɨɛɥаɫɬɢ Ω଴+ ˋ Ω଴−, ɤɨɬɨɪɵɟ ɡаɧяɬɵ ɠɢɞɤɨɣ ɢ ɬɜɟɪɞɨɣ 
ɮаɡаɦɢ ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ ɜ ɦɨɦɟɧɬ t=0. Ɍɪɟɛɭɟɬɫя 
ɨɩɪɟɞɟɥɢɬɶ ɨɛɥаɫɬɢ Ω୲+ ˋ Ω୲−, ɡаɧɢɦаɟɦɵɟ ɬɜɟɪɞɨɣ 
ɢ ɠɢɞɤɨɣ ɮаɡаɦɢ ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ ɜ ɦɨɦɟɧɬ ɜɪɟɦɟɧɢ 
t0] א,TЖ, ɜɟɤɬɨɪ ɫɤɨɪɨɫɬɢ V⃗⃗ ሺx, tሻ, ˇавлˈнˋˈ 

p(ሺx, tሻ, ɤɨɧɰɟɧɬɪаɰɢɸ ɩɪɢɦɟɫɟɣ ɫ(x,t), 

ɤɨɧɰɟɧɬɪаɰɢɸ ɩɪɢɦɟɫɢ ɫ(x,t), ɬɟɦɩɟɪаɬɭɪɭ 
ɠɢɞɤɨɣ u

+
(x,t) ɢ ɬɜɟɪɞɨɣ u

+
(x,t) ɮаɡɵ ɩɨ 

ɫɥɟɞɭɸщɢɦ ɭɫɥɨɜɢяɦ: 
 ∂V⃗⃗ ሺx,୲ሻ∂୲ + (V⃗⃗ ׏)V⃗⃗ ሺx, tሻ + ,pሺx׏ tሻ =  = ϑ׏ଶV⃗⃗ ሺx, tሻ + f ሺu+, cሻ, ׏V  ሺx, tሻ = Ͳ, ሺx, tሻ א �T+;  

 ∂u+ሺx, tሻ∂t + (V⃗⃗ ׏)u+ሺx, tሻ − −a+ଶ ,ଶu+ሺx׏ tሻ = Ͳ, ሺx, tሻ א �T+ ; 
 ∂u−ሺx, tሻ∂t − aଶ׏−u−ሺx, tሻ = Ͳ, ሺx, tሻ א  �T+; V⃗⃗ ሺx, Ͳሻ =  C⃗ ሺxሻ; T (V⃗⃗ , p)n⃗ = −qሺx, tሻn⃗ , ሺx, tሻ א Г୲+; 
  (7) V୬ = −ሺ1  − �−�+ ௡ܹ, �ܸ = Ͳ, ሺݔ, ሻݐ א Г௧; ,ݔሺ±ݑ    ሻݐ ,ݔሺ±ܤ= ,ሻݐ ሺݔ, ሻݐ א Г௧+ ׫ Г଴−; ,ݔሺ±ݑ Ͳሻ =  ;ሻݔሺ±ܣ
+ݑ  = −ݑ = �∗ − ,ܿߝ ݇_ డ௨−డ௡ − ݇+ డ௨+డ௡ +�ݔ== ௡ܹ , ሺݔ, ሻݐ א Г௧;  
 ߲ܿሺݔ, ݐሻ߲ݐ + ,ݔሺܿ(ߘ ܸ⃗) ሻݐ − ,ݔଶܿሺߘߛ  ሻݐ = =  Ͳ, ሺݔ, ሻݐ א  ,+�ܦ
 

c(x,0)=݃଴ሺݔሻ; ܿሺݔ, ሻݐ = ݃ሺݔ, ,ሻݐ ሺݔ, ሻݐ ;+Г௧א ߙ−  డ௖డ௡ = ܿߚ ௡ܹ , ሺݔ, ሻݐ א Г௧ , 
 

 

ɡɞɟɫɶ DT
±
= {(x,t): xאΩ௧± , tא(0,T)}, x=(x1, x2, x3), ߲Ω+

=Г௧ ׫ Г௧+, ߲Ω- 
=Г௧+ ׫ Г௧, ݊⃗  – ɧɨɪɦаɥɶ ɤ  Г௧, 

ɧаɩɪаɜɥɟɧɧая ɜ ɫɬɨɪɨɧɭ Ω௧+, T(ܸ⃗ , �ሻ − ɬɟɧɡɨɪ 

ɧаɩɪяɠɟɧɢɣ ɫ ɷɥɟɦɟɧɬаɦɢ �௜௝ = �௜௝ߜ− + ሺడ�೔డ௫ೕݒ +డ�ೕడ௫೔ , ௡ܸ ˋ �ܸ - ɧɨɪɦаɥɶɧая ɢ ɬаɧɝɟɧɰɢаɥɶɧая 
ɫɨɫɬаɜɥяɸщɢɟ, ௡ܹ - ɫɤɨɪɨɫɬɶ ɞɜɢɠɟɧɢя ɮɪɨɧɬа 
ɤɪɢɫɬаɥɥɢɡаɰɢɢ ɜ ɧаɩɪаɜɥɟɧɢɢ ɧɨɪɦаɥяɦ ݊⃗ ;  �∗, �, ,ߝ ,ݔ �+, �−, ,ߙ ,ߚ ,ߛ ݇+, ݇− ɢɡɜɟɫɬɧɵɟ 
ɩɨɥɨɠɢɬɟɥɶɧɵɟ ɩɨɫɬɨяɧɧɵɟ. ȿɫɥɢ Ɏ(x,t)=ݑ±ሺݔ, ሻݐ ,ݔሺܿߝ+ ሻݐ − �∗ = Ͳ -- ɭɪаɜɧɟɧɢɟ ɩɨɜɟɪɯɧɨɫɬɢ Г௧,   
ɬɨɝɞа ௡ܹ = −Ф௧/|ߘФ| [2]. 

ɉɪɢ ɧɟɤɨɬɨɪɵɯ ɩɪɟɞɩɨɥɨɠɟɧɢяɯ ɧа ɮɭɧɤɰɢɢ 
A(x), ܥ ሺݔሻ, ,ݔሺ±ܤ ,ሻݐ  ݂ሺݑ+, ܿሻ, ݃ሺݔ,  ሻ ɡаɞачаݔሻ ˋ ݃଴ሺݐ
ɪаɡɪɟɲɢɦа ɩɪɢ ɦаɥɵɯ ɡɧачɟɧɢяɯ t ɜ ɤɥаɫɫɟ ɮɭɧɤɰɢɣ ݑ± א ଶ+௔,మ+�మܪ ሺܦ+±̅̅ ̅̅ א ܸ⃗ ,( ଶ+௔,మ+�మܪ ቀܦ+±̅̅ ̅̅ ቁ,   ܿ ଶ+௔,మ+�మܪא ቀܦ+±̅̅ ̅̅  ቁ, ߘ� א ̅̅±+ܦ௔,�మሺܪ ̅̅  ሻ  а ɝɪаɧɢɰɵ Г௧+  ɢ Г௧  ɨɩɢɫɵɜаɸɬɫя ɮɭɧɤɰɢяɦɢ ɤɥаɫɫа ܪଶ+௔,మ+�మ .Ⱦаɥɟɟ, 
ɩɭɫɬɶ ��± = Ω଴± × [Ͳ, �], Г��− = Г଴− × [Ͳ, �], Г��+ =Г଴+ × [Ͳ, �], Г�� = Г଴ × [Ͳ, �]. Ɉɬɦɟɬɢɦ ɬаɤɠɟ, чɬɨ 
ɪɟɲɟɧɢɟ ɡаɞачɢ ɦɨɞɟɥɢɪɭɟɬ ɩɪɨɰɟɫɫ 
ɤɪɢɫɬаɥɥɢɡаɰɢɢ ɜɟщɟɫɬɜа ɫ ɭчɟɬɨɦ ɤɨɧɜɟɤɬɢɜɧɨɝɨ 
ɬɟɩɥɨɨɛɦɟɧа ɢ ɩɟɪɟɧɨɫа ɩɪɢɦɟɫɢ ɜ ɠɢɞɤɨɣ ɮаɡɟ ДβЖ. 
ɋɜɨɛɨɞɧɵɟ ɝɪаɧɢɰɵ  Г௧+  ɢ Г௧ ɦɨɠɧɨ ɩɪɟɞɫɬаɜɢɬɶ ɜ 
ɫɥɟɞɭɸщɟɦ ɜɢɞɟ Г௧ = ݔ} = ሺ߱ሻݔ + ݊⃗ ሺ߱ሻ ∗�ሺ߱, +ሻ},  Г௧ݐ = ݔ} = ሻߠሺݔ + ,ሺ߱ߟ  ሻݐ ∗ ݊⃗ ሺߠሻ}.ɉɪɢ ɞɨɫɬаɬɨчɧɨ 
ɦаɥɵɯ ɡɧачɟɧɢяɯ чɢɫɟɥ ߝ. ɉɪɟɞɥɨɠɟɧ ɦɟɬɨɞ 
ɪɟɲɟɧɢя ɡаɞачɢ, ɫɨɫɬɨящɢɣ ɢɡ ɪаɡɥɨɠɟɧɢя 
ɪɟɲɟɧɢя ɜ ɪяɞ ɩɨ ɫɬɟɩɟɧяɦ чɢɫɟɥ ߝ: 

,ݔሺ±ݑ  ,ݐ ሻߝ = ሻݔ଴±ሺݑ + ∑ ,ݔ௞±ሺݑ௞ߝ ∞ሻݐ
௞=ଵ  

�ሺݔ, ,ݐ ሻߝ = �଴ሺݔሻ + ∑ ,ݔ௞�௞ሺߝ ∞ሻݐ
௞=ଵ  

௜ܸሺݔ, ,ݐ ሻߝ = ௜ܸబሺݔሻ + ∑ ௞ߝ ௜ܸ௞ , ݅ = ͳ,ʹ,͵;∞
௞=ଵ  

�ሺ߱, ,ݐ ሻߝ = ∑ ,௞�௞ሺ߱ߝ ∞,ሻݐ
௞=ଵ  ܿሺݔ, ሻݐ =

= ܿ଴ሺݔሻ + ∑ ,ݔ௞ܿ௞ሺߝ ∞ሻݐ
௞=ଵ  

 

ȼ ɪаɛɨɬɟ ɢɡɭчɟɧɨ ɧɭɥɟɜɨɟ ݑ଴±ሺݔሻ, ܸ⃗ ଴ሺݔሻ =ሺ ଵܸ଴, ଶܸ଴, ଷܸ଴ሻ, Г଴, ܿ଴ሺݔሻ ɢ ɩɟɪɜɨɟ ɩɪɢɛɥɢɠɟɧɢɟ 
( ଵܸ,⃗⃗ ⃗⃗ ,±ଵݑ   �ଵ , �ଵ, ܿଵሻ ɞɥя ɦаɥɵɯ чɢɫɟɥ ߝ. ɉɪɢ ɷɬɨɦ 
ɭɫɬаɧɨɜɥɟɧɨ, чɬɨ  ݑ ଴±ሺݔሻ = ,ሻݔሺ±ܣ ଴ܸ⃗⃗  ⃗ሺݔሻ = ሻݔ଴ሺܥ ,ሻݔሺ ܥ = ݃଴ሺݔሻ, �ଵሺ߱, ሻݐ א ଶ+௔,మ+�మܪ (Г��ሻ,ݑଵ±ሺݔ, ;ݐ �ሻ א ଶ+௔,మ+�మܪ (��±ሻ,̅̅ ̅̅ ̅̅  ܿଵሺݔ, ;ݐ �ሻ ଶ+௔,మ+�మܪא (��±ሻ,̅̅ ̅̅ ̅̅  ɩɪɢчɟɦ �ଵሺ߱,  ሻ ɧаɯɨɞɢɦ ɤаɤݐ
ɧɟɩɨɞɜɢɠɧɭɸ ɬɨчɤɭ ɫɠɢɦаɸщɟɝɨɫя ɨɩɟɪаɬɨɪа 
Ɇ1 : 

ଵ�ଵܯ  = 
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= ͳݔ�+ ∫ ሺ݇_ ଵ−߲݊ଵݑ߲
଴ − ݇+ ߲݊+ଵݑ߲ + + ଵ݂ሺݔ, ሺ߱ሻݔ  ,ݐሻሻ݀ݐ א  Г�� . 

 

ɂɡ ɭɫɥɨɜɢя ɋɬɟɮаɧа ɞɥя ɦаɥɵɯ чɢɫɟɥ ߝ 

ɫɥɟɞɭɟɬ ɪаɡɥɨɠɟɧɢɟ: 
,+ݑሺܮ  ,−ݑ Г௧ , ሻߝ = [݇−ଶ ଴−|ଶݑߘ| − −݇+ଶ ଴+|ଶݑߘ| ,−଴ݑߘଶሺ−݇ʹ]ߝ+ ଵ−ሻݑߘ − ʹ݇+ଶሺݑߘ଴+, ଵ+ሻݑߘ + ଵ݂ −௟௧ݑ−ሺ݇+�ݔ+ + [௟௧+ሻݑ+݇ + ,−଴ݑߘଶ[ʹ݇−ଶሺߝ ଵ−ሻݑߘ −ʹ݇+ଶሺݑߘ଴+, ଵ+ሻݑߘ + ଶ݂ + −ଶ௧ݑ−ሺ݇+�ݔ + +ଶ௧ݑ+݇ ሻ] +Ͳሺߝଶሻ = Ͳ, ሺݔ, ሻݐ א Г��.  

 

Ɉɬɤɭɞа ɫɥɟɞɭɟɬ, чɬɨ 

 ݇−ଶ ଴−|ଶݑߘ| − ݇+ଶ|ݑߘ଴+|ଶ = Ͳ, ݔ א Г଴; ݇− ߲݊−ଵݑ߲ − ݇+ ߲݊+ଵݑ߲ + ଵ݂ = +�ݔ ߲�ଵ߲ݐ , ሺݔ, ሻݐ א Г଴�; ݇− ߲݊−ଶݑ߲ − ݇+ ߲݊+ଶݑ߲ + ଶ݂ = +�ݔ ߲�ଶ߲ݐ , ሺݔ, ሻݐ א Г଴�; 
 

Ɂɞɟɫɶ ଵ݂ሺݔ, ,ݔሻ ɢ ଶ݂ሺݐ  ሻ ɢɡɜɟɫɬɧɵɟݐ
ɝɥаɞɤɢɟ ɮɭɧɤɰɢɢ ДβЖ. 

Ɋаɫɫɦɨɬɪɢɦ ɜɬɨɪɨɟ ɩɪɢɛɥɢɠɟɧɢɟ  ሺ ଶܸ,⃗⃗⃗⃗⃗⃗  ⃗ ,±ଶݑ  �ଶ, �ଶ, ܿଶ,  .ߝ ଶሻ ˊаɞачɢ  ɞɥя ɦаɥɵɯ чɢɫɟɥߟ

ɂɦɟɟɦ: 
 డ�మ⃗⃗⃗⃗ డ௧ + ( ଴ܸ⃗⃗ (ߘ⃗  ଶܸ⃗⃗  ⃗+( ଵܸ⃗⃗ ሻߘ⃗  ଵܸ⃗⃗  ⃗ + ( ଶܸ⃗⃗ (ߘ⃗  ଴ܸ⃗⃗  ⃗ + ଶ�ߘ ଶߘ�= ଶܸ⃗⃗  ⃗ + [ ௨݂′⃗⃗ ଶݑ⃗  + ௖݂′⃗⃗  ⃗ܿଶ + ଵଶ ௨݂௨′′⃗⃗ ⃗⃗ ଵଶݑ⃗  + ଵଶ ௖݂௖′′⃗⃗ ⃗⃗  ܿଵଶ], 

(x,t)א ��+, ߘ ଶܸ⃗⃗  ⃗ = Ͳ, ሺݔ, ሻݐ א ��+, �( ଴ܸ⃗⃗  ⃗, �ଶ)݊⃗ +�( ଵܸ⃗⃗  ⃗, �ଵ)݊⃗ + �( ଶܸ⃗⃗  ⃗, �଴)݊⃗ = Ͳ, ݔ א Г଴+ ଶܸ⃗⃗  ⃗ሺݔ, Ͳሻ = Ͳ, ଶܸ௡ =ቀͳ − �−�+ቁ [௨మ೟ఇ௨బ + + ଷ݂ሺݔ, [ሻݐ , ଶܸ� ݔ ,0= א Г଴ 

 డ௨మ+డ௧ + ( ଴ܸ⃗⃗ )++ଶݑ(ߘ⃗  ଶܸ⃗⃗ +଴ݑሻߘ⃗  + ( ଵܸ⃗⃗ +ଵݑ(ߘ⃗  == ܽ+ଶߘଶݑଶ+, ሺݔ, ሻݐ א ��+, డ௨మ−డ௧ + ܽ−ଶߘଶݑଶ− = Ͳ, 
(x,t)א ��−, ,ݔଶ±ሺݑ Ͳሻ = Ͳ, ,ݔଶ±ሺݑ ሻݐ = = Ͳ, ሺݔ, ሻݐ א Г��− ׫ Г଴�+ , +ଶݑ = ,ଶሺ߱�|(ሺ߱ሻݔ)±଴ݑߘ| ,−ଶݑ ሻݐ + ,ሺ߱ݔଶሺݑ ሻݐ + ݂ሺݔሺ߱, ሻݐ =Ͳ, ሺݔ, ሻݐ א Г��   

 డ௖మడ௧ + ( ଴ܸ⃗⃗ )++ଶܿ(ߘ⃗  ଶܸ⃗⃗ +ሻܿ଴ߘ⃗  + ( ଵܸ⃗⃗ +ଵܿ(ߘ⃗  ଶܿଶߘߛ−     − = Ͳ, ሺݔ, ሻݐ א ��+, ܿଶሺݔ, Ͳሻ =Ͳ;           ܿଶሺݔ, ሻݐ = Ͳ , 
(x,t)א Г��+ , ߙ− డ௖మడ௡ = ௨మ೟+|ఇ௨బ+| + ସ݂ሺݔ, ,ሻݐ ሺݔ, ሻݐ א Г�� , ߲ܿ଴߲݊ ,ሺ߱ߟ ሻݐ + ܿଶሺݔ, ሻݐ + ହ݂ሺݔ, ሻݐ = Ͳ, ሺݔ, ሻݐ א Г��  

 

 

ɝɞɟ ଷ݂ሺݔ, ,ሻݐ ସ݂ሺݔ, ,ݔହ݂ሺ ݑ ሻݐ  ሻ - ɢɡɜɟɫɬɧɵɟݐ
ɮɭɧɤɰɢɢ. 

ɉɪɢ ɡаɞаɧɧɵɯ �ଶሺ߱, ,ሻ ɢ �ଶ̃ሺ߱ݐ ሻ  ɢɡ �ଶ+a,మ+aమݐ (Г��ሻ ɧаɣɞɟɦ ɮɭɧɤɰɢɢ ݑଶ±ሺݔ, ,ݐ �ଶሻ ɢ ݑଶ±ሺݔ, ,ݐ �ଶ̃ሻ  ɤаɤ ɟɞɢɧɫɬɜɟɧɧɵɟ ɪɟɲɟɧɢя ɡаɞачɢ. 
Ɂаɬɟɦ ɪаɫɫɦɨɬɪɢɦ ɨɩɟɪаɬɨɪ, ɞɟɣɫɬɜɭɸщɢɣ ɢɡ �ଶ+a,మ+aమ (Г��ሻ ɜ �ଶ+a,మ+aమ (Г��ሻ, ɫɥɟɞɭɸщɢɦ 
ɨɛɪаɡɨɦ ܯଶ�ଶ = ଵ௫�+ ׬ ሺ݇− డ௨మ−డ௡ଵ଴ − ݇+ డ௨మ+డ௡ ++ ଶ݂ሺݔ, ,ݐሻሻ݀ݐ ሺ߱ሻݔ א ГO. ɋɩɪаɜɟɞɥɢɜɵɟ ɨɰɟɧɤɢ: |ݑଶ±|��±ሺ௔+ଶሻ ൑ ܥ ቀ|ܨଶ±|��±ሺ௔+ଶሻ + |�ଶ|ГОТ±ሺ௔+ଶሻቁ, 

ɝɞɟ ɋ – ɧɟɤɨɬɨɪая ɩɨɫɬɨяɧɧая, а ܨଶ+ =−( ଶܸ⃗⃗ +଴ݑ(׏⃗  − ( ଵܸ⃗⃗ א ଵ+ ɩɪɢ (x,t)ݑ(׏⃗  QT+ ɢ ܨଶሺݔ, ሻݐ = Ͳ 

ɩɪɢ (x,t) א QT−. Ɉɬɫɸɞа ɫɥɟɞɭɟɬ, чɬɨ |ܯଶ�ଶ ଶ�ଶ̃|ГОТሺ௔+ଶሻܯ− ൑ ଵ�|ܥ̃ − �ଶ|ГОТሺ௔+ଶሻ
 ɝɞɟ ̃ܥ = +ሺ݇ܥ +݇−)/x�+ ɋɥɟɞɨɜаɬɟɥɶɧɨ, ɨɩɟɪаɬɨɪ Ɇ2 – 

ɫɠɢɦаɸщɢɣ, ɟɫɥɢ ɜɵɩɨɥɧяɟɬɫя ɭɫɥɨɜɢɟ  ܥሺ݇+ + ݇−)/x�+ < ͳ                               (8) 

ɂɦɟɸɬ ɦɟɫɬɨ ɫɥɟɞɭɸщɢɟ ɭɬɜɟɪɠɞɟɧɢɟ: 
Ʌɟɦɦɚ 1. ɉɭɫɬɶ ɜɵɩɨɥɧɟɧɨ ɭɫɥɨɜɢɟ (8). 

Ɍɨɝɞа ɨɩɟɪаɬɨɪ Ɇ2, ɞɟɣɫɬɜɭɸщɢɣ ɢɡ �ଶ+a,మ+aమ (Г��ሻ ɜ �ଶ+a,మ+aమ (Г��ሻ, ɢɦɟɟɬ ɬаɦ 
ɧɟɩɨɞɜɢɠɧɭɸ ɬɨчɤɭ. 

Ʌɟɦɦɚ 2. ȼ ɤачɟɫɬɜɟ ɜɬɨɪɨɝɨ 
ɩɪɢɛɥɢɠɟɧɢя ɡаɞачɢ ɦɨɠɧɨ ɜɡяɬɶ ɪɟɲɟɧɢɟ uଶ±ሺx, tሻ, cଶሺx, tሻ, Vଶ⃗⃗⃗⃗ ሺx, tሻ, pଶሺx, tሻ, ρଶሺx, tሻ, ηଶሺx, tሻ. 

 

ȼɵɜɨɞɵ 

ȼ ɫɬаɬɶɟ ɩɪɢɜɟɞɟɧ ɨɛɡɨɪ ɬɟɨɪɢɢ ɩɨ 
ɞаɧɧɨɣ ɬɟɦаɬɢɤɟ ɢ ɫɦɨɞɟɥɢɪɨɜаɧ ɩɪɨɰɟɫɫ 
ɤɪɢɫɬаɥɥɢɡаɰɢɢ ɦɟɬаɥɥа. 
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ɤɪɢɫɬɚɥɥɢɡɚɰɢɢ ɩɪɢ ɷɥɟɤɬɪɨɲɥɚɤɨɜɨɦ ɩɟɪɟɩɥɚɜɟ. Ɉɫɭɳɟɫɬɜɥɹɟɬɫɹ аɧаɥɢɡ ɩɪɨɛɥɟмɵ 
ɫɭɳɟɫɬɜɨɜаɧɢɹ ɝɥаɞкɢɯ ɪɟɲɟɧɢɣ кɨɧɜɟкɬɢɜɧɨɣ ɡаɞаɱɢ ɋɬɟɮаɧа ɫ ɭɱɟɬɨм ɭɫɥɨɜɢɣ 
ɢɡɨɬɟɪмɢɱɧɨɫɬɢ. Такɠɟ ɧаɪɹɞɭ ɫɨ ɫɬацɢɨɧаɪɧɨɣ ɡаɞаɱɟɣ ɋɬɟɮаɧа, ɭɱɢɬɵɜаɸɳɟɣ 
кɨɧɜɟкɬɢɜɧɵɟ ɞɜɢɠɟɧɢɹ ɜ ɠɢɞкɨɣ ɮаɡɟ, ɢɡɭɱаɟɬɫɹ ɡаɞаɱа ɋɬɟɮаɧа ɛɟɡ ɭɱɟɬа кɨɧɜɟкцɢɢ. 

Ʉɥɸɱɟɜɵɟ ɫɥɨɜɚ: ɮɭɧкцɢɨɧаɥ, кɪɢɫɬаɥɥɢɡацɢɹ, ɬɟɩɥɨɜɨɣ ɩɨɬɨк, ɭɩɪаɜɥɟɧɢɟ, кɪаɟɜаɹ 
ɡаɞаɱа, мɨɞɟɥɢɪɨɜаɧɢɟ. 

Minenko A.S., Radevich E.V. Approximate analysis of modeling the process of solidification 

during electroslag remelting. Carried out analysis of the problem of existence of smooth solutions 

to the convective Stefan problem taking into account the conditions of isothermal. Also along with 

the stationary Stefan problem taking into account convective motion of the liquid phase, studied 

Stefan problem without convection.  

Keywords: functionality, crystallization, heat flow, control, boundary value problem, modeling. 

 

ɋɬаɬɶɹ ɩɨɫɬɭɩɢɥа ɜ ɪɟɞакцɢɸ β0.0γ.β018  
Ɋɟкɨмɟɧɞɨɜаɧа к ɩɭɛɥɢкацɢɢ ɞ-ɪɨм ɬɟɯɧ. ɧаɭк ȼ.ɇ. ɉаɜɥɵɲɨм 

 


