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ɍȾɄ 519.6γ 

 

ɉɪɨɞɨɥɶɧɚɹ ɫɯɟɦɚ ɦɟɬɨɞɚ ɩɪɹɦɵɯ ɞɥɹ ɱɢɫɥɟɧɧɨɣ ɚɩɩɪɨɤɫɢɦɚɰɢɢ 
ɤɪɚɟɜɵɯ ɡɚɞɚɱ ɫ ɧɟɝɥɚɞɤɢɦɢ ɞɚɧɧɵɦɢ ɞɥɹ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɨɝɨ 

ɭɪɚɜɧɟɧɢɹ ɜɬɨɪɨɝɨ ɩɨɪɹɞɤɚ ɩɚɪɚɛɨɥɢɱɟɫɤɨɝɨ ɬɢɩɚ 
 

ɂ.ɂ. Ɇаɝɥɟɜаɧɧɵɣ, Ɍ.ɂ. Ʉаɪяɤɢɧа  
ȼɨɥɝɨɝɪаɞɫɤɢɣ ɝɨɫɭɞаɪɫɬɜɟɧɧɵɣ ɫɨɰɢаɥɶɧɨ-ɩɟɞаɝɨɝɢчɟɫɤɢɣ ɭɧɢɜɟɪɫɢɬɟɬ 

 

ȼɜɟɞɟɧɢɟ 

Ʉ ɩаɪаɛɨɥɢчɟɫɤɢɦ ɭɪаɜɧɟɧɢяɦ ɩɪɢɜɨɞɢɬ 
ɦаɬɟɦаɬɢчɟɫɤɨɟ ɨɩɢɫаɧɢɟ ɦɧɨɝɢɯ ɫɥɨɠɧɵɯ 
яɜɥɟɧɢɣ ɜ ɫɨɜɪɟɦɟɧɧɨɦ ɟɫɬɟɫɬɜɨɡɧаɧɢɢ, 
ɷɤɨɧɨɦɢɤɟ ɢ ɬɟɯɧɢɤɟ. Ʉɪɨɦɟ ɤɥаɫɫɢчɟɫɤɢɯ ɡаɞач 
ɬɟɩɥɨɩɪɨɜɨɞɧɨɫɬɢ ɢ ɞɢɮɮɭɡɢɢ, ɩаɪаɛɨɥɢчɟɫɤɢɟ 
ɭɪаɜɧɟɧɢя ɜɫɬɪɟчаɸɬɫя, ɧаɩɪɢɦɟɪ, ɜ ɬɟɨɪɢɢ 
ɬɟɩɥɨ- ɢ ɦаɫɫɨɩɟɪɟɧɨɫа ɩɪɢ ɨɩɢɫаɧɢɢ ɩɪɨɰɟɫɫɨɜ 
ɫɭɲɤɢ ɢ ɨɯɥаɠɞɟɧɢя, ɜ ɬɟɨɪɢɢ яɞɟɪɧɵɯ ɰɟɩɧɵɯ 
ɪɟаɤɰɢɣ ɩɪɢ ɢɡɭчɟɧɢɢ ɩɪɨɰɟɫɫа ɡаɦɟɞɥɟɧɢя 
ɧɟɣɬɪɨɧɨɜ, ɜ ɬɟɨɪɢɢ ɫɢɝɧаɥɨɜ ɩɪɢ 
ɦаɤɪɨɫɤɨɩɢчɟɫɤɨɦ ɨɩɢɫаɧɢɢ ɫɥɭчаɣɧɨɝɨ 
ɩɪɨɰɟɫɫа ɧа ɜɵɯɨɞɟ ɪаɞɢɨɬɟɯɧɢчɟɫɤɨɝɨ 
ɭɫɬɪɨɣɫɬɜа, ɩɪɢ ɢɡɭчɟɧɢɢ ɦɧɨɝɢɯ ɩɪɨɰɟɫɫɨɜ ɜ 
ɯɢɦɢчɟɫɤɨɣ ɢ ɛɢɨɥɨɝɢчɟɫɤɨɣ ɤɢɧɟɬɢɤɟ ɢ ɜ 
ɞɪɭɝɢɯ ɡаɞачаɯ. Ɉɛщая ɤɥаɫɫɢчɟɫɤая ɩɨɫɬаɧɨɜɤа 
ɫɦɟɲаɧɧɨɣ ɧачаɥɶɧɨ-ɤɪаɟɜɨɣ ɡаɞачɢ ɞɥя 
ɭɪаɜɧɟɧɢя ɭɤаɡаɧɧɨɝɨ ɬɢɩа ɢɦɟɟɬ ɫɥɟɞɭɸщɢɣ 
ɜɢɞ. ɉɭɫɬɶ ɜ ɩɨɥɨɫɟ ],[ bax , ],[ 10 ttt  

ɩɨɫɬаɜɥɟɧа ɝɪаɧɢчɧая ɡаɞача ɞɥя ɧɟɢɡɜɟɫɬɧɨɣ 
ɮɭɧɤɰɢɢ )],( txuu   
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ȼ ɝɪаɧɢчɧɵɯ ɬɨчɤаɯ ɡаɞаɸɬɫя ɥɢɛɨ ɥɢɧɟɣɧɵɟ 
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ɥɢɛɨ ɤɪаɟɜɵɟ ɭɫɥɨɜɢя ɩɟɪɜɨɝɨ ɪɨɞа  
 ),(),()( tEtautC

      

),(),()( tEtbutC
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ɥɢɛɨ ɤаɤɨɟ-ɬɨ ɢɡ ɷɬɢɯ ɭɫɥɨɜɢɣ ɧа ɤаɠɞɨɣ 
ɝɪаɧɢɰɟ. ɉɪɢ ɨɩɪɟɞɟɥɟɧɧɵɯ ɩɪɟɞɩɨɥɨɠɟɧɢяɯ ɨɛ 
ɭɫɥɨɜɢяɯ ɝɥаɞɤɨɫɬɢ ɮɭɧɤɰɢɨɧаɥɶɧɵɯ 
ɤɨɷɮɮɢɰɢɟɧɬɨɜ ɡаɞача (1) – (γ) ɢɦɟɟɬ 

ɟɞɢɧɫɬɜɟɧɧɨɟ ɤɥаɫɫɢчɟɫɤɨɟ ɪɟɲɟɧɢɟ 
)),[],([),( 0

2  tbaCtxu  [1,2].  

ɋɬаɧɞаɪɬɧɵɦ ɩɨɞɯɨɞɨɦ ɤ чɢɫɥɟɧɧɨɦɭ ɪɟɲɟɧɢɸ 
ɡаɞачɢ (1) – (γ) яɜɥяɟɬɫя ɤɨɧɟчɧɨ-ɪаɡɧɨɫɬɧая 
ɞɢɫɤɪɟɬɢɡаɰɢя ɩɨ ɩɪɨɫɬɪаɧɫɬɜɟɧɧɨɣ ɩɟɪɟɦɟɧɧɨɣ 
x  ɢ ɩɨ ɜɪɟɦɟɧɧɨɣ ɩɟɪɟɦɟɧɧɨɣ t , чɬɨ 
ɪɟаɥɢɡɭɟɬɫя ɨɛɵчɧɨ ɜ ɜɢɞɟ чɢɫɬɨ ɧɟяɜɧɨɣ ɫɯɟɦɵ 
ɢɥɢ ɫɯɟɦɵ Ʉɪаɧɤа-ɇɢɤɨɥɫɨɧа Дγ,4,5Ж.   
Ɉɞɧаɤɨ чɢɫɥɨ ɤɥаɫɫɢчɟɫɤɢɣ ɩɨɞɯɨɞ ɤ 
аɩɩɪɨɤɫɢɦаɰɢɢ ɪɟɲɟɧɢя ɜɨ ɦɧɨɝɢɯ ɫɥɭчаяɯ 
ɨɤаɡɵɜаɟɬɫя ɧɟаɞɟɤɜаɬɧɵɦ. Ɍаɤ, ɩɪɢ ɨɰɟɧɤɟ 
ɩɪɨɢɡɜɨɞɧɵɯ ɮɢɧаɧɫɨɜɵɯ ɢɧɫɬɪɭɦɟɧɬɨɜ ɜ 
ɦаɬɟɦаɬɢчɟɫɤɨɣ ɬɟɨɪɢɢ ɨɩɰɢɨɧɨɜ ɨɞɧɨɣ ɢɡ 
ɦɨɞɟɥɟɣ яɜɥяɟɬɫя ɦɨɞɟɥɶ Ȼɥɷɤа-ɒɨɭɥɡа-Ɇɟɪɬɨɧа 
Д6,7Ж, ɩɪɟɞɫɬаɜɥяɸщая ɫɨɛɨɣ ɩаɪаɛɨɥɢчɟɫɤɨɟ 
ɭɪаɜɧɟɧɢɟ ɜ чаɫɬɧɵɯ ɩɪɨɢɡɜɨɞɧɵɯ ɨɬɧɨɫɢɬɟɥɶɧɨ 
ɫɬɨɢɦɨɫɬɢ ɨɩɰɢɨɧа. Ⱦɥя ɧɟɤɨɬɨɪɵɯ ɬɢɩɨɜ 
ɨɩɰɢɨɧɨɜ ɧачаɥɶɧɵɟ ɞаɧɧɵɟ яɜɥяɸɬɫя 
ɪаɡɪɵɜɧɵɦɢ ɩɨ ɩɟɪɟɦɟɧɧɨɣ x . ȼɨ ɦɧɨɝɢɯ 
ɫɥɭчаяɯ ɮɥɭɤɬɭаɰɢɨɧɧая ɦɨɞɟɥɶ 
ɩɪɨɫɬɪаɧɫɬɜɟɧɧɨ – ɨɞɧɨɪɨɞɧɨɣ ɫɢɫɬɟɦɵ 
ɨɩɢɫɵɜаɟɬɫя ɫɬɨɯаɫɬɢчɟɫɤɢɦ ɞɢɮɮɟɪɟɧɰɢаɥɶɧɵɦ 
ɭɪаɜɧɟɧɢɟɦ Ʌаɧɠɟɜɟɧа Д8Ж, ɤɨɬɨɪɨɟ 
ɦаɬɟɦаɬɢчɟɫɤɢ ɷɤɜɢɜаɥɟɧɬɧɨ ɭɪаɜɧɟɧɢɸ 
Ɏɨɤɤɟɪа – ɉɥаɧɤа ɞɥя ɷɜɨɥɸɰɢɢ ɩɥɨɬɧɨɫɬɢ 
ɜɟɪɨяɬɧɨɫɬɢ ɩɟɪɟɯɨɞа ɢɡ ɧачаɥɶɧɨɝɨ ɫɨɫɬɨяɧɢя ɜ 
ɬɟɤɭщɟɟ Д9Ж. ɍɪаɜɧɟɧɢɟ Ɏɨɤɤɟɪа–ɉɥаɧɤа 

ɮɨɪɦаɥɶɧɨ яɜɥяɟɬɫя чаɫɬɧɵɦ ɫɥɭчаɟɦ ɭɪаɜɧɟɧɢя 
(1) – (γ), ɨɞɧаɤɨ ɜ ɨɛщɟɣ ɩɨɫɬаɧɨɜɤɟ ɢɫɬɨчɧɢɤ 
яɜɥяɟɬɫя ɫɢɧɝɭɥяɪɧɵɦ: ),( txf  ∼ )( 0xx . 

ɇɟɤɨɬɨɪɵɟ ɡаɞачɢ ɷɥɟɤɬɪɨɧɧɨɝɨ ɬɪаɧɫɩɨɪɬа ɜ 
ɦɧɨɝɨɫɥɨɣɧɵɯ ɦɢɲɟɧяɯ ɦɨɝɭɬ ɛɵɬɶ ɫɜɟɞɟɧɵ ɤ 
ɭɪаɜɧɟɧɢɸ (1) ɫ ɦɝɧɨɜɟɧɧɵɦ ɫɢɧɝɭɥяɪɧɵɦ 
ɢɫɬɨчɧɢɤɨɦ ),( txf  ∼ )()( 0xxt  , ɩɪɢ ɷɬɨɦ 

ɮɭɧɤɰɢɨɧаɥɶɧɵɟ ɤɨɷɮɮɢɰɢɟɧɬɵ ),( txK , 

),( txA , ),( txG  ɩɪɟɬɟɪɩɟɜаɸɬ ɪаɡɪɵɜ ɧа 
ɝɪаɧɢɰаɯ ɫɥɨɟɜ Д15Ж. ɉɪɢɜɟɞɟɧɧɵɟ ɩɪɢɦɟɪɵ 
ɫɜɢɞɟɬɟɥɶɫɬɜɭɸɬ ɨ ɬɨɦ, чɬɨ, ɟɫɥɢ ɤɨɷɮɮɢɰɢɟɧɬɵ 
ɡаɞачɢ ɧɟ ɭɞɨɜɥɟɬɜɨɪяɸɬ ɧɟɨɛɯɨɞɢɦɵɦ 
ɭɫɥɨɜɢяɦ ɝɥаɞɤɨɫɬɢ, ɬɨ ɡаɞачɭ ɢ ɟɟ ɪɟɲɟɧɢɟ 
ɫɥɟɞɭɟɬ ɬɪаɤɬɨɜаɬɶ ɜ ɨɛɨɛщɟɧɧɨɦ ɫɦɵɫɥɟ, ɫчɢɬая 
ɤɨɷɮɮɢɰɢɟɧɬɵ ɢ ɪɟɲɟɧɢɟ ɷɥɟɦɟɧɬаɦɢ 
ɨɛɨɛщɟɧɧɵɯ ɮɭɧɤɰɢɨɧаɥɶɧɵɯ ɤɥаɫɫɨɜ ɫ 
ɫɨɨɬɜɟɬɫɬɜɭɸщɢɦ ɨɛɨɛщɟɧɧɵɦ ɬɨɥɤɨɜаɧɢɟɦ 
ɩɪɨɢɡɜɨɞɧɵɯ. 
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Ɉɛɨɛɳɟɧɧɚɹ ɩɨɫɬɚɧɨɜɤɚ ɡɚɞɚɱɢ 
 

ɉɪɢ ɪаɡɪаɛɨɬɤɟ аɥɝɨɪɢɬɦа аɩɩɪɨɤɫɢɦаɰɢɢ 
ɪɟɲɟɧɢя ɦɵ ɢɫɩɨɥɶɡɭɟɦ ɢɞɟɢ ɭɫɪɟɞɧɟɧɢя, 
ɪаɫɫɦɨɬɪɟɧɧɵɟ ɜ Д11Ж. ɍɦɧɨɠɢɦ ɭɪаɜɧɟɧɢɟ (1) ɧа 
ɩɪɨɢɡɜɨɥɶɧɭɸ (ɩɪɨɛɧɭɸ) ɜɟɫɨɜɭɸ ɮɭɧɤɰɢɸ 

)(x  ɢ ɩɪɨɢɧɬɟɝɪɢɪɭɟɦ ɩɨ ɩɪɨɦɟɠɭɬɤɭ ],[ ba . 

ɂɫɩɨɥɶɡɭя ɮɨɪɦɭɥɭ ɢɧɬɟɝɪɢɪɨɜаɧɢя ɩɨ чаɫɬяɦ, 
ɩɨɥɭчɢɦ ɢɧɬɟɝɪаɥɶɧɨɟ ɬɨɠɞɟɫɬɜɨ, ɷɤɜɢɜаɥɟɧɬɧɨɟ 
ɢɫɯɨɞɧɨɦɭ ɭɪаɜɧɟɧɢɸ (1) 
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Ɍɨɠɞɟɫɬɜɨ (5) ɢɦɟɟɬ ɫɦɵɫɥ ɢ ɬɨɝɞа, ɤɨɝɞа 
ɮɭɧɤɰɢɨɧаɥɶɧɵɟ ɤɨɷɮɮɢɰɢɟɧɬɵ ɭɪаɜɧɟɧɢя (1) 
яɜɥяɸɬɫя ɬɨɥɶɤɨ ɤɭɫɨчɧɨ-ɧɟɩɪɟɪɵɜɧɵɦɢ 
ɮɭɧɤɰɢяɦɢ, чɬɨ ɩɨɡɜɨɥяɟɬ ɫɮɨɪɦɭɥɢɪɨɜаɬɶ 
ɨɛɨɛщɟɧɧɭɸ ɩɨɫɬаɧɨɜɤɭ ɢɫɯɨɞɧɨɣ ɡаɞачɢ. 
Ɉɛɨɛщɟɧɧɵɦ ɪɟɲɟɧɢɟɦ ɡаɞачɢ (1) – (β) ɛɭɞɟɦ 
ɧаɡɵɜаɬɶ ɮɭɧɤɰɢɸ ),( txu , ɭɞɨɜɥɟɬɜɨɪяɸщɭɸ 
ɢɧɬɟɝɪаɥɶɧɨɦɭ ɬɨɠɞɟɫɬɜɭ (5) ɞɥя ɜɫɟɯ )(x , а 
ɤɪаɟɜɵɟ ɢ ɧачаɥɶɧɵɟ ɭɫɥɨɜɢя ɜɵɩɨɥɧяɸɬɫя 
ɩɨчɬɢ ɜɫɸɞɭ. 
 

ɉɪɨɫɬɪɚɧɫɬɜɟɧɧɚɹ ɞɢɫɤɪɟɬɢɡɚɰɢɹ 
ɨɛɨɛɳɟɧɧɨɣ ɡɚɞɚɱɢ Ʉɨɲɢ 
 

ȼɜɟɞɟɦ ɜ ɨɛɥаɫɬɢ ],[ bax  (ɧɟɪаɜɧɨɦɟɪɧɭɸ) 
ɩɪɨɫɬɪаɧɫɬɜɟɧɧɭɸ ɫɟɬɤɭ  

bxxxa n  ...10 . (6) 
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. ȼ ɨɤɪɟɫɬɧɨɫɬɢ ɭɡɥɨɜ ix  ɨɩɪɟɞɟɥɢɦ ɮɭɧɤɰɢɢ 
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Ɂɞɟɫɶ )(A  – ɯаɪаɤɬɟɪɢɫɬɢчɟɫɤая ɮɭɧɤɰɢя 
ɦɧɨɠɟɫɬɜа A  









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)(  (11) 

Ɏɭɧɤɰɢɢ (9), (10) яɜɥяɸɬɫя ɧɟɩɪɟɪɵɜɧɵɦɢ 
ɮɭɧɤɰɢяɦɢ аɪɝɭɦɟɧɬа x  ɫ ɤɨɦɩаɤɬɧɵɦ 
ɧɨɫɢɬɟɥɟɦ ɜ R  ɢ ɢɦɟɸɬ ɤɭɫɨчɧɨ–ɝɥаɞɤɢɟ 
ɩɪɨɢɡɜɨɞɧɵɟ ɩɟɪɜɨɝɨ ɩɨɪяɞɤа. Ʉɪɨɦɟ ɬɨɝɨ, ɷɬɢ 
ɮɭɧɤɰɢɢ ɧɨɪɦɢɪɨɜаɧɵ ɧа 1 
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Ɉɩɪɟɞɟɥɢɦ ɭɫɪɟɞɧяɸщɢɟ ɢɧɬɟɝɪаɥɶɧɵɟ 
ɨɩɟɪаɬɨɪɵ ɋɬɟɤɥɨɜа. ɉɭɫɬɶ ),( txF  – 

ɩɪɨɢɡɜɨɥɶɧая ɤɭɫɨчɧɨ-ɧɟɩɪɟɪɵɜɧая ɮɭɧɤɰɢя. 
Ɍɨɝɞа ɩɨ ɨɩɪɟɞɟɥɟɧɢɸ 
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      ,),(ˆ),(ˆ
2

1
),(ˆ txFShtxFShtxFS iiii

i

i

 


  (18) 

   

1
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2 i

i

i i i

x

i i

i x

ˆ ˆQ F( x,t ) T ( x x )F( x,t )

( x x )( x x )F( x,t )dx,
( h )



 
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  
 (19) 

   
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ˆ ˆQ F( x,t ) T ( x x )F( x,t )

( x x )( x x )F( x,t )dx,
( h )



 



  

  
 (20) 

      .),(ˆ),(ˆ
2

1
),(ˆ txFQhtxFQhtxFQ iiii

i

 


  (21) 

ȼɫɟ ɷɬɢ ɨɩɟɪаɬɨɪɵ ɥɢɧɟɣɧɵ. Ɍ.ɤ. ɧɨɫɢɬɟɥɢ ɢɯ 
ɢɧɬɟɝɪаɥɶɧɵɯ яɞɟɪ ɥɨɤаɥɢɡɨɜаɧɵ ɜ ɷɥɟɦɟɧɬаɪɧɨɣ 
ɨɤɪɟɫɬɧɨɫɬɢ ɭɡɥа i , ɬ.ɟ. ɜ ɦɧɨɠɟɫɬɜɟ 

   iiii hxhxx , , ɬɨ ɤаɠɞɵɣ ɨɩɟɪаɬɨɪ 
ɦɨɠɧɨ ɬɪаɤɬɨɜаɬɶ ɤаɤ ɨɩɟɪаɬɨɪ ɭɫɪɟɞɧɟɧɢя 
ɮɭɧɤɰɢɢ ),( txF  ɩɨ ɷɥɟɦɟɧɬаɪɧɨɣ ɨɤɪɟɫɬɧɨɫɬɢ ɫ 
ɫɨɨɬɜɟɬɫɬɜɭɸщɢɦ яɞɪɨɦ ɭɫɪɟɞɧɟɧɢя Д11Ж. 
ɇɟɬɪɭɞɧɨ ɭɛɟɞɢɬɶɫя, чɬɨ  

    ,11ˆ1ˆ 
ii TT       ,

2
1ˆ


 

i

i
h

S      

 ,
3

1ˆ


  i
i

h
Q   (22) 

ɢ чɬɨ ɫɩɪаɜɟɞɥɢɜɵ ɩɪаɜɢɥа ɫɞɜɢɝа 

   ,),(ˆ),(ˆ
1 txFStxFS ii




      

   ),(ˆ),(ˆ
1 txFQtxFQ ii




    (23) 

 

 Ɉɛɨɛɳɟɧɧɨɟ ɭɪɚɜɧɟɧɢɟ ɛɚɥɚɧɫɚ 
 

ȼ ɢɧɬɟɝɪаɥɶɧɨɦ ɫɨɨɬɧɨɲɟɧɢɢ (5) ɩɨɥɨɠɢɦ 
)()( xx i  , noi ,...,  ɢ ɡаɩɢɲɟɦ ɟɝɨ ɜ 

ɨɩɟɪаɬɨɪɧɨɣ ɮɨɪɦɟ 

i i

i

u uˆ ˆT K( x,t ) T F( x,t ) G( x,t )u B( x,t )
t x

u
Ŝ A( x,t )

x

              
    

 

axi

i

bxi

ni

x

txu
txA

x

txu
txA











),(

),(
),(

),(
0,,




. (24) 

Ɂɞɟɫɶ ji ,  – ɫɢɦɜɨɥ Ʉɪɨɧɟɤɟɪа  









ji

ji
ji

,0

,1
, . (25) 

ɍɪаɜɧɟɧɢɟ (β4) ɩɨɥɭчɟɧɨ ɜ ɪɟɡɭɥɶɬаɬɟ 
ɭɫɪɟɞɧɟɧɢя ɢɫɯɨɞɧɨɝɨ ɭɪаɜɧɟɧɢя ɩɨ 

ɷɥɟɦɟɧɬаɪɧɨɣ ɨɤɪɟɫɬɧɨɫɬɢ ɭɡɥа 
ix  ɢ, ɬаɤɢɦ 

ɨɛɪаɡɨɦ, ɢɦɟɟɬ ɫɦɵɫɥ ɨɛɨɛщɟɧɧɨɝɨ ɭɪаɜɧɟɧɢя 
ɛаɥаɧɫа ɞɥя ɷɥɟɦɟɧɬаɪɧɨɣ ячɟɣɤɢ Д11Ж, ДβЖ. 
ɉɨɫɥɟɞɧɢɟ ɞɜа чɥɟɧа ɯаɪаɤɬɟɪɢɡɭɸɬ ɜɥɢяɧɢɟ 
ɤɪаɟɜɵɯ ɭɫɥɨɜɢɣ. 
 

 Ɋɚɡɧɨɫɬɧɚɹ ɚɩɩɪɨɤɫɢɦɚɰɢɹ 
 

ɉɭɫɬɶ  n

ii tyty
0

)()( 


 – ɫɟɬɨчɧая ɮɭɧɤɰɢя, 

аɩɩɪɨɤɫɢɦɢɪɭɸщая ɡɧачɟɧɢɟ ),( txu  ɜ ɭɡɥаɯ 
ix . 

ȼ ɨɤɪɟɫɬɧɨɫɬɢ ɭɡɥа 
ix  ɢɫɩɨɥɶɡɭɟɦ 
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Ɉɩɪɟɞɟɥɢɦ ɪаɡɧɨɫɬɧɵɣ ɨɩɟɪаɬɨɪ ɫ яɞɪɨɦ 
),( txF  
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Ɍаɤ ɤаɤ ɨɩɟɪаɬɨɪ iP̂  ɩɪɟɞɫɬаɜɥяɟɬɫя ɬɪɟɯ-

ɞɢаɝɨɧаɥɶɧɨɣ ɦаɬɪɢɰɟɣ, ɨɧ ɦɨɠɟɬ ɛɵɬɶ 
ɷɮɮɟɤɬɢɜɧɨ ɨɛɪащɟɧ ɦɟɬɨɞɨɦ ɩɪɨɝɨɧɤɢ. 
Ɉɩɪɟɞɟɥɢɦ ɪаɡɧɨɫɬɧɵɣ ɝɪаɧɢчɧɵɣ ɨɩɟɪаɬɨɪ 
 yi


̂ . Ⱦɥя ɤɪаɟɜɵɯ ɭɫɥɨɜɢɣ ɜɢɞа (γ) ɩɨɥɨɠɢɦ 
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Ⱦɥя ɤɪаɟɜɵɯ ɭɫɥɨɜɢɣ ɜɢɞа (4) ɩɨɥɨɠɢɦ 
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ɂɫɩɨɥɶɡɭɟɦ аɩɩɪɨɤɫɢɦаɰɢɢ (β6) ɢ ɡаɩɢɲɟɦ 
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   i i ii

y( t )ˆ ˆ ˆP K( x,t ), L y( t ) y( t ) .
t

     

r
r r

 (32) 

Ɂɞɟɫɶ ɪаɡɧɨɫɬɧɵɣ ɨɩɟɪаɬɨɪ  yLi

ˆ  ɨɩɪɟɞɟɥяɟɬɫя 
ɜɵɪаɠɟɧɢɟɦ 

     

   1

1

2

i i i

i i i i

i

ˆ ˆ ˆL y T F( x,t ) P G( x,t ), y

ˆˆ( y y ) T B( x,t ) S A( x,t )
 



  

     

r r

h

   1

1

2
i i i i

i

ˆˆ( y y ) T B( x,t ) S A( x,t ) .
 


    h

 (33) 

 

 Ɋɟɲɟɧɢɟ ɷɜɨɥɸɰɢɨɧɧɨɣ ɡɚɞɚɱɢ 

 

ɑɬɨɛɵ ɫɜɟɫɬɢ ɪɟɲɟɧɢɟ ɡаɞачɢ (γβ) ɤ ɡаɞачɟ 
ɷɜɨɥɸɰɢɨɧɧɨɝɨ ɬɢɩа, ɨɩɪɟɞɟɥɢɦ ɤɜаɞɪаɬɧɭɸ 
ɬɪɟɯ-ɞɢаɝɨɧаɥɶɧɭɸ )1()1(  nn  - ɦаɬɪɢɰɭ 
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Ɍɨɝɞа ɫɨɨɬɧɨɲɟɧɢɟ (γβ) ɦɨɠɧɨ ɩɪɟɞɫɬаɜɢɬɶ ɜ 
ɜɢɞɟ ɷɜɨɥɸɰɢɨɧɧɨɝɨ ɭɪаɜɧɟɧɢя 
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tytyLM
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ɫ ɧачаɥɶɧɵɦ ɭɫɥɨɜɢɟɦ  
 ,),(ˆ)( 00 txuTty ii      ,,...0 ni    (38) 

Ɋɟɲɟɧɢɟ ɧачаɥɶɧɨɣ ɡаɞачɢ (γ7), (γ8) 
ɩɪɨɢɡɜɨɞɢɬɫя ɜɥɨɠɟɧɧɵɦ ɦɟɬɨɞɨɦ Ɋɭɧɝɟ-Ʉɭɬɬа, 
ɨɫɧɨɜаɧɧɵɦ ɧа ɮɨɪɦɭɥаɯ Ⱦɨɪɦаɧа ɢ ɉɪɢɧɫа ɫ 
аɜɬɨɦаɬɢчɟɫɤɢɦ ɭɩɪаɜɥɟɧɢɟɦ ɞɥɢɧɨɣ ɲаɝа ɢ 
ɤɨɧɬɪɨɥɢɪɭɟɦɨɣ ɬɨчɧɨɫɬɶɸ Д1βЖ. Ɉɛɪащɟɧɢɟ 

ɦаɬɪɢɰɵ )(ˆ tM  ɨɫɭщɟɫɬɜɥяɟɬɫя ɦɟɬɨɞɨɦ 
ɩɪɨɝɨɧɤɢ Д1Ж ɩɨ ɫɥɟɞɭɸщɟɦɭ аɥɝɨɪɢɬɦɭ. 
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ɪɟɲɟɧɢɸ ɥɢɧɟɣɧɨɣ ɫɢɫɬɟɦɵ  

  .ˆˆ 1

zxMzMx





   (39) 

Ⱦɥя ɪɟɲɟɧɢя ɫɢɫɬɟɦ ɥɢɧɟɣɧɵɯ ɭɪаɜɧɟɧɢɣ ɫ ɬɪɟɯ-

ɞɢаɝɨɧаɥɶɧɨɣ ɦаɬɪɢɰɟɣ ɪаɡɪаɛɨɬаɧа 
ɦɨɞɢɮɢɤаɰɢя ɦɟɬɨɞа Гаɭɫɫа, ɢɫɩɨɥɶɡɭɸщая ɧɭɥɢ 
ɜ ɦаɬɪɢɰɟ ɫɢɫɬɟɦɵ. ɗɬа ɩɪɨɰɟɞɭɪа, ɧаɡɵɜаɟɦая 
ɩɪɨɝɨɧɤɨɣ ɢ ɩɪɟɞɥɨɠɟɧɧая Ɍɨɦаɫɨɦ ɜ 1949 ɝ., 
ɫɨɫɬɨɢɬ ɜ ɫɥɟɞɭɸщɟɦ. ɉɟɪɜɵɣ ɲаɝ (ɩɪяɦая 
ɩɪɨɝɨɧɤа) – ɢɫɤɥɸчɟɧɢɟ ɧɟɢɡɜɟɫɬɧɵɯ 10 ,... nxx  

ɢɡ ɜɬɨɪɨɝɨ ɢ ɩɨɫɥɟɞɭɸщɢɯ ɭɪаɜɧɟɧɢɣ. ȼ 
ɪɟɡɭɥɶɬаɬɟ чɟɝɨ ɩɪɢɯɨɞɢɦ ɤ ɫɢɫɬɟɦɟ 

iiii uxvx  1 ,  ,1,...,0  ni   ,nn ux     (40) 

ɝɞɟ  

,
1


iii

i
i

vca

b
v  ,

1

1









iii

iii
i

vca

ucg
u  .,...0 ni    (41) 

ȼɬɨɪɨɣ ɲаɝ – ɨɛɪаɬɧая ɩɪɨɝɨɧɤа. Ɂɞɟɫɶ 
nn ux  . 

Ɉɫɬаɥɶɧɵɟ ɧɟɢɡɜɟɫɬɧɵɟ ɧаɯɨɞяɬɫя ɩɨ ɮɨɪɦɭɥаɦ 
(40). Ⱦɥя ɪɟаɥɢɡаɰɢɢ аɥɝɨɪɢɬɦа ɬɪɟɛɭɟɬɫя n8  

аɪɢɮɦɟɬɢчɟɫɤɢɯ ɨɩɟɪаɰɢɣ.    
 

Ɉɫɨɛɟɧɧɨɫɬɢ ɩɪɨɝɪɚɦɦɧɨɣ ɪɟɚɥɢɡɚɰɢɢ 
 
Ɉɩɢɫаɧɧɵɣ аɥɝɨɪɢɬɦ ɛɵɥ ɪɟаɥɢɡɨɜаɧ ɧа яɡɵɤɟ 
C++. Ɉɬɦɟɬɢɦ ɨɫɨɛɟɧɧɨɫɬɢ ɩɪɨɝɪаɦɦɵ, 
ɩɨɡɜɨɥяɸщɢɟ ɞɨɫɬаɬɨчɧɨ ɝɢɛɤɨ ɪɟаɥɢɡɨɜаɬɶ 
ɪаɡɥɢчɧɵɟ ɫɰɟɧаɪɢɢ ɪаɫчɟɬɨɜ.  

1. Ɏɭɧɤɰɢɢ, ɨɫɭщɟɫɬɜɥяɸщɢɟ ɪаɫчɟɬ 
ɮɭɧɤɰɢɨɧаɥɶɧɵɯ ɤɨɷɮɮɢɰɢɟɧɬɨɜ ɡаɞачɢ, 
яɜɥяɸɬɫя ɜɯɨɞɧɵɦɢ ɩаɪаɦɟɬɪаɦɢ ɩɪɨɝɪаɦɦɵ.  

2. ɉɪɨɫɬɪаɧɫɬɜɟɧɧая ɫɟɬɤа  n

iix
0  ɧɟ 

ɨɛяɡаɧа ɛɵɬɶ ɷɤɜɢɞɢɫɬаɧɬɧɨɣ ɢ ɞɨɥɠɧа ɛɵɬɶ 
яɜɧɨ ɡаɞаɧа ɩɨɥɶɡɨɜаɬɟɥɟɦ. ɉɪɢ ɷɬɨɦ ɬɟ ɬɨчɤɢ, ɜ 
ɤɨɬɨɪɵɯ ɢɦɟɸɬɫя ɨɫɨɛɟɧɧɨɫɬɢ, ɠɟɥаɬɟɥɶɧɨ 
ɜɤɥɸчаɬɶ ɜ ɦɧɨɠɟɫɬɜɨ ,  n

iix
0 , чɬɨ ɩɨɜɵɫɢɬ 

ɬɨчɧɨɫɬɶ аɩɩɪɨɤɫɢɦаɰɢɢ.  
3. Ⱦɥя ɨɫɭщɟɫɬɜɥɟɧɢя ɨɩɟɪаɰɢɣ 

ɭɫɪɟɞɧɟɧɢя ɜ ɮɨɪɦɭɥаɯ (1γ)-(β1) ɢɫɩɨɥɶɡɨɜаɥɢɫɶ 
ɤɜаɞɪаɬɭɪɧɵɟ ɮɨɪɦɭɥɵ Гаɭɫɫа Д1γ, 14Ж. Ⱦаɧɧɵɣ 
ɩɨɞɯɨɞ ɢɫɤɥɸчаɟɬ ɢɡ ɤɜаɞɪаɬɭɪɧɨɣ ɮɨɪɦɭɥɵ 
ɤɨɧɰɟɜɵɟ ɬɨчɤɢ ɩɪɨɦɟɠɭɬɤа ɢɧɬɟɝɪɢɪɨɜаɧɢя, ɜ 
ɤɨɬɨɪɵɯ ɢɧɬɟɝɪɢɪɭɟɦая ɮɭɧɤɰɢя ɦɨɠɟɬ ɛɵɬɶ 
ɪаɡɪɵɜɧа.  

4. Ɋɟɲɟɧɢɟ ɡаɞачɢ Ʉɨɲɢ (γ7,γ8) 
ɨɫɭщɟɫɬɜɥяɟɬɫя ɫ ɩɨɦɨщɶɸ ɜɥɨɠɟɧɧɨɝɨ яɜɧɨɝɨ 
ɦɟɬɨɞа Ɋɭɧɝɟ-Ʉɭɬɬа ɩяɬɨɝɨ ɩɨɪяɞɤа, ɨɫɧɨɜаɧɧɨɝɨ 
ɧа ɮɨɪɦɭɥаɯ Ⱦɨɪɦаɧа ɢ ɉɪɢɧɫа ɫ 
аɜɬɨɦаɬɢчɟɫɤɢɦ ɭɩɪаɜɥɟɧɢɟɦ ɞɥɢɧɨɣ ɲаɝа ɢ 
ɤɨɧɬɪɨɥɢɪɭɟɦɨɣ ɬɨчɧɨɫɬɶɸ, ɡаɞаɜаɟɦɨɣ 
ɩɨɥɶɡɨɜаɬɟɥɟɦ. Ɍɟɤɫɬ ɩɪɨɝɪаɦɦɵ ɧа C++ ɨɫɧɨɜаɧ 

 10 ,ttt
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ɧа ɮɨɪɬɪаɧɧɨɣ ɜɟɪɫɢɢ ɞаɧɧɨɣ ɩɪɨɝɪаɦɦɵ – 

ɩɪɨɝɪаɦɦɵ Dopri5 [12].  

5. ȼɵɯɨɞɧɵɦɢ ɞаɧɧɵɦ ),( ji txu ɢ 
ɩɪɨɝɪаɦɦɵ яɜɥяɸɬɫя ɦаɫɫɢɜɵ ɭɡɥɨɜɵɯ ɡɧачɟɧɢɣ 
ɮɭɧɤɰɢɢ ),( ji txu  ɢ ɜɪɟɦɟɧɧɨɣ ɩɪɨɢɡɜɨɞɧɨɣ 

),( jit txu . 

6. ɉɪɢɜɨɞяɬɫя ɢɧɬɟɝɪаɥɶɧɵɟ 
ɯаɪаɤɬɟɪɢɫɬɢɤɢ ɪɟɲɟɧɢя ɡаɞачɢ ɫ ɰɟɥɶɸ 
ɩɪɨɜɟɪɤа ɬɨчɧɨɫɬɢ аɩɩɪɨɤɫɢɦаɰɢɢ ɪɟɲɟɧɢя. 
ɉɪɨɢɧɬɟɝɪɢɪɭɟɦ ɫɨɨɬɧɨɲɟɧɢɟ (1) ɩɨ 
ɩɟɪɟɦɟɧɧɵɦ ],[ bax , ],[ 1ttt o , Ɉɩɪɟɞɟɥɢɦ 
ɮɭɧɤɰɢɢ ɩаɪаɦɟɬɪа t  
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u
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  ,  (42) 
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


  ,    
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 xFdxdtu
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t

t

s  ,  (43) 





 




  ),(),(),(),()(

0

 xuxGx
t

u
xBdxdtu

b

a

t

t

ad
.  (44) 

ȼ ɪɟɡɭɥɶɬаɬɟ ɢɫɯɨɞɧая ɡаɞача (1)-(4) 

ɷɤɜɢɜаɥɟɧɬɧа ɬɨɠɞɟɫɬɜɭ  

0

ab bs tr

ad s

u( t ) u ( t ) u ( t ) u ( t )

u ( t ) u ( t ) .

    

  
  (45) 

ȼɟɥɢчɢɧа ɧɟɜяɡɤɢ )(tu  яɜɥяɟɬɫя ɜɵɯɨɞɧɵɦ 
ɩаɪаɦɟɬɪɨɦ ɢ ɦɨɠɟɬ ɢɫɩɨɥɶɡɨɜаɬɶɫя ɜ ɤачɟɫɬɜɟ 
ɢɧɞɢɤаɬɨɪа ɭɞачɧɨɝɨ ɜɵɛɨɪа ɩɪɨɫɬɪаɧɫɬɜɟɧɧɨɣ ɢ 
ɜɪɟɦɟɧɧɨɣ ɫɟɬɤɢ. Ɇаɫɫɢɜɵ )( j

ab
tu , )( j

bs
tu , 

)( j

tr
tu , )( j

ad
tu , )( j

s
tu , )( jtu  ɬаɤɠɟ 

яɜɥяɸɬɫя ɜɵɯɨɞɧɵɦɢ ɩаɪаɦɟɬɪаɦɢ ɩɪɨɝɪаɦɦɵ. 
 

Ɍɟɫɬɢɪɨɜɚɧɢɟ ɩɪɨɝɪɚɦɦɵ 
 

ɋɧачаɥа ɪаɫɫɦɨɬɪɢɦ ɡаɞачɭ ɫ ɝɥаɞɤɢɦɢ ɞаɧɧɵɦɢ. 
Ⱦɥя ɬɟɫɬɢɪɨɜаɧɢя ɪаɫɫɦɨɬɪɢɦ ɭɪаɜɧɟɧɢɟ (1) ɫ 
ɮɭɧɤɰɢɨɧаɥɶɧɵɦɢ ɤɨɷɮɮɢɰɢɟɧɬаɦɢ  

22),( xttxK  ,   
22),( xttxA  ,  

)1(2),(  txttxB ,  
22),( xxttxG  , 

5 3 4 3 3 4

2 4 3 3

18 3 4

3 1 7

F( x,t ) t x ( x ) t x t x( x x )

t x( x ) tx x .

      

   
 

ɋɮɨɪɦɭɥɢɪɭɟɦ ɝɪаɧɢчɧɭɸ ɡаɞачɭ ɜ ɩɨɥɨɫɟ 
]2,1[x , 1t ɫ ɥɢɧɟɣɧɵɦɢ ɤɪаɟɜɵɦɢ 

ɭɫɥɨɜɢяɦɢ ɬɪɟɬɶɟɝɨ ɪɨɞа  
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ɢ ɧачаɥɶɧɵɦ ɭɫɥɨɜɢɟɦ  
xxtxu

t



3

1
),( ,    ]2,1[x . 

Ɍɨчɧɵɦ ɪɟɲɟɧɢɟɦ ɷɬɨɣ ɡаɞачɢ яɜɥяɟɬɫя ɮɭɧɤɰɢя 
xttxtxu  33),( . ɉɪɢ ɪɟɲɟɧɢɢ ɧачаɥɶɧɨɣ 

ɡаɞачɢ (γ7), (γ8) ɦɟɬɨɞɨɦ Ɋɭɧɝɟ-Ʉɭɬɬа чɢɫɥɨ 
ɨɛɪащɟɧɢɣ ɤ ɮɭɧɤɰɢɢ ɞɥя ɜɵчɢɫɥɟɧɢя ɩɪаɜɨɣ 
чаɫɬɢ ɭɪаɜɧɟɧɢя γ7 ɪаɜɧɨ 1817. ɉɨɬɨчɟчɧɵɟ 
ɨɰɟɧɤɢ ɩɨɝɪɟɲɧɨɫɬɢ аɩɩɪɨɤɫɢɦаɰɢɢ ɜ ɭɡɥɨɜɵɯ 
ɬɨчɤаɯ ɩɨ ɩɪɨɫɬɪаɧɫɬɜɭ ɞаɟɬɫя ɜɵɪаɠɟɧɢяɦɢ  
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ɝɞɟ ),( txuu ii  , ),(~ txu ii
 – ɪɟɡɭɥɶɬаɬɵ 

чɢɫɥɟɧɧɨɣ аɩɩɪɨɤɫɢɦаɰɢɢ ɪɟɲɟɧɢя ɢɫɯɨɞɧɨɣ 
ɡаɞачɢ ɜ ɬɨчɤɟ ),( txi

. Ɋɟɡɭɥɶɬаɬɵ ɩɪɟɞɫɬаɜɥɟɧɵ 
ɜ ɬаɛɥɢɰɟ 1. 
 

Ɍаɛɥɢɰа 1. ɉɨɬɨчɟчɧɵɟ ɨɰɟɧɤɢ ɩɨɝɪɟɲɧɨɫɬɢ 
аɩɩɪɨɤɫɢɦаɰɢɢ 
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Ɋаɫɫɦɨɬɪɢɦ ɬɟɩɟɪɶ ɡаɞачɭ ɫ ɧɟɝɥаɞɤɢɦɢ 
ɞаɧɧɵɦɢ, ɤɨɬɨɪая яɜɥяɟɬɫя ɜɵчɢɫɥɢɬɟɥɶɧɨ 
ɫɥɨɠɧɨɣ. Ɋаɫɩɪɟɞɟɥɟɧɢɟ ɩɥɨɬɧɨɫɬɢ 
ɷɧɟɪɝɨɜɵɞɟɥɟɧɢя ɷɥɟɤɬɪɨɧɨɜ  ),( txF ɫɪɟɞɧɢɯ 
ɷɧɟɪɝɢɣ ɩɪɢ ɧɨɪɦаɥɶɧɨɦ ɩаɞɟɧɢɢ ɬɨчɟчɧɨɝɨ 
ɩɭчɤа ɧа ɦɧɨɝɨɫɥɨɣɧɭɸ ɦɢɲɟɧɶ ɨɩɪɟɞɟɥяɟɬɫя 
ɭɪаɜɧɟɧɢɟɦ Д15Ж 
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ɫ ɦɝɧɨɜɟɧɧɵɦ ɬɨчɟчɧɵɦ ɢɫɬɨчɧɢɤɨɦ ɟɞɢɧɢчɧɨɣ 
ɦɨщɧɨɫɬɢ, ɧачаɥɶɧɵɦ ɭɫɥɨɜɢɟɦ 0)0,( xF  ɢ 
ɝɪаɧɢчɧɵɦɢ ɭɫɥɨɜɢяɦɢ 
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ɉаɪаɦɟɬɪ t  ɢɦɟɟɬ ɫɦɵɫɥ ɨɬɧɨɫɢɬɟɥɶɧɨɣ 
ɨɫɬаɬɨчɧɨɣ ɷɧɟɪɝɢɢ ɷɥɟɤɬɪɨɧɨɜ. 
Ɉɩɪɟɞɟɥɢɦ ɮɭɧɤɰɢɸ )(/),(),( ttxFtxu  , 

ɞɥя ɧɟɟ ɩɨɥɭчɢɦ ɤаɧɨɧɢчɟɫɤɭɸ ɡаɞачɭ ɬɢɩа (1) 
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ɫ ɧачаɥɶɧɵɦ ɭɫɥɨɜɢɟɦ 0)0,( xu  ɢ 
ɝɪаɧɢчɧɵɦɢ ɭɫɥɨɜɢяɦɢ  
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Ɏɭɧɤɰɢɢ  ɢ d  яɜɥяɸɬɫя ɤɭɫɨчɧɨ-
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Ɍаɤɢɦ ɨɛɪаɡɨɦ, ɢɦɟɟɦ ɡаɞачɭ ɜ ɝɟɬɟɪɨɝɟɧɧɨɣ 
ɫɪɟɞɟ, ɬɨчɤɢ )1(

x  ɢ )2(
x яɜɥяɸɬɫя ɝɪаɧɢɰаɦɢ 

ɫɥɨɟɜ ɢ ɞɨɥɠɧɵ ɛɵɬɶ ɜɤɥɸчɟɧɵ ɜ ɦɧɨɠɟɫɬɜɨ 
ɭɡɥɨɜ  n

iix
0 , ɬаɤ ɠɟ, ɤаɤ ɢ ɬɨчɤа 

dx . ɉаɪаɦɟɬɪɵ 
ɡаɞачɢ  

99.0max t ,    3.0max x ,    1.0dx ,    

15.0)1( x ,    2.0)2( x ,  (52) 

68533.11  ,    8.02  ,    33  ,    

5343.151 d ,    202 d ,    103 d .  (53) 

ɉɪɢ чɢɫɥɟɧɧɨɦ ɪɟɲɟɧɢɢ ɢɫɩɨɥɶɡɭɟɦ 
аɩɩɪɨɤɫɢɦаɰɢɸ δ-ɮɭɧɤɰɢɢ ɝаɭɫɫɢаɧɨɦ 
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ɢ ɪаɡɧɨɫɬɧɭɸ аɩɩɪɨɤɫɢɦаɰɢɸ δ-ɮɭɧɤɰɢɢ Д1γЖ 
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ȼ ɬаɛɥ. β ɩɪɟɞɫɬаɜɥɟɧɵ ɪɟɡɭɥɶɬаɬɵ ɩɪɨɜɟɪɤɢ 
ɭɫɥɨɜɢя ɛаɥаɧɫа (45), ɤɨɬɨɪɨɟ ɜ ɞаɧɧɨɦ ɫɥɭчаɟ 
ɢɦɟɟɬ ɜɢɞ  
 

1ab bs tr ad s
u ( t ) u ( t ) u ( t ) u ( t ) u ( t ) .       (56) 

 

Ɍаɛɥɢɰа β. ɉɪɨɜɟɪɤа ɭɫɥɨɜɢя ɛаɥаɧɫа 
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ɇа ɪɢɫ. 1 ɩɪɟɞɫɬаɜɥɟɧɵ ɥɢɧɢɢ ɭɪɨɜɧя ɮɭɧɤɰɢɢ 
),( txu , ɤɨɬɨɪɵɟ ɞɟɦɨɧɫɬɪɢɪɭɸɬ 

ɪаɫɩɪɨɫɬɪаɧɟɧɢɟ ɧачаɥɶɧɨɝɨ ɜɨɡɦɭщɟɧɢя ɜ 
ɩɥɨɫɤɨɫɬɢ ),( tx . 

 
 

Ɋɢɫɭɧɨɤ 1 – Ʌɢɧɢɢ ɭɪɨɜɧя 1) u  = 19.45;  

2) u  = 9.3; 3) u  = 5.7; 4) u = 3.85;  

5) u  = 2.77; 6) u = 1.67 

 

ɇа ɪɢɫ. β ɩɪɟɞɫɬаɜɥɟɧɵ ɩɪɨɮɢɥɢ ɮɭɧɤɰɢɢ 
),(),(),( txutxtxF   ɩɪɢ ɪаɡɥɢчɧɵɯ 

ɡɧачɟɧɢяɯ ɩаɪаɦɟɬɪɨɜ, ɤɨɬɨɪɵɟ ɞɟɦɨɧɫɬɪɢɪɭɸɬ 
ɫɤачɤɢ ɩɥɨɬɧɨɫɬɢ ɷɧɟɪɝɨɜɵɞɟɥɟɧɢя ɧа ɝɪаɧɢɰаɯ 
ɫɥɨɟɜ. Ʉаɤ ɜɢɞɢɦ, ɩɪɟɞɥɨɠɟɧɧɵɣ аɥɝɨɪɢɬɦ 
ɩɨɡɜɨɥяɟɬ ɩɨɥɭчɢɬɶ ɤачɟɫɬɜɟɧɧɭɸ 
аɩɩɪɨɤɫɢɦаɰɢɸ ɪɟɲɟɧɢя ɞаɠɟ ɩɪɢ ɧаɥɢчɢɢ 
ɫɢɧɝɭɥяɪɧɵɯ ɞаɧɧɵɯ. 

 

a) 

 

b) 

Ɋɢɫɭɧɨɤ β –  a) ɉɪɨɮɢɥɢ ɮɭɧɤɰɢɢ ),( txF  ɜ 
ɡаɜɢɫɢɦɨɫɬɢ ɨɬ ɩɟɪɟɦɟɧɧɨɣ t . Ʉɪɢɜɵɟ 

ɫɨɨɬɜɟɬɫɬɜɭɸɬ ɡɧачɟɧɢяɦ: 1) x =0.1; 2) x =0.15; 

b) ɉɪɨɮɢɥɢ ɮɭɧɤɰɢɢ ),( txF  ɜ ɡаɜɢɫɢɦɨɫɬɢ ɨɬ 
ɩɟɪɟɦɟɧɧɨɣ x . Ʉɪɢɜɵɟ ɫɨɨɬɜɟɬɫɬɜɭɸɬ 
ɡɧачɟɧɢяɦ: 1) t =0.1; 2) t =0.2; 3) t =0.3. 

ȼɵɜɨɞɵ 

Ɉɩɢɫаɧɧая ɜ ɪаɛɨɬɟ ɫɯɟɦа яɜɥяɟɬɫя чɢɫɥɟɧɧɨ 
ɭɫɬɨɣчɢɜɨɣ ɢ ɧɟ ɬɪɟɛɭɟɬ ɫɨɝɥаɫɨɜаɧɢя ɲаɝɨɜ ɩɨ 
ɩɪɨɫɬɪаɧɫɬɜɟɧɧɨɣ ɢ ɜɪɟɦɟɧɧɨɣ ɩɟɪɟɦɟɧɧɵɦ. 
ɉɪɟɞɥɨɠɟɧɧɵɣ ɩɨɞɯɨɞ, ɨчɟɜɢɞɧɨ, ɦɨɠɟɬ ɛɵɬɶ 
ɞɨɫɬаɬɨчɧɨ ɥɟɝɤɨ ɪɟаɥɢɡɨɜаɧ ɞɥя аɩɩɪɨɤɫɢɦаɰɢɢ 
ɨɛɨɛщɟɧɧɵɯ ɭɪаɜɧɟɧɢɣ ɷɥɥɢɩɬɢчɟɫɤɨɝɨ ɢɥɢ 
ɝɢɩɟɪɛɨɥɢчɟɫɤɨɝɨ ɬɢɩа Дγ, 4Ж. 
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Ɇɚɝɥɟɜɚɧɧɵɣ ɂ.ɂ., Ʉɚɪɹɤɢɧɚ Ɍ.ɂ.. ɉɪɨɞɨɥɶɧɚɹ ɫɯɟɦɚ ɦɟɬɨɞɚ ɩɪɹɦɵɯ ɞɥɹ ɱɢɫɥɟɧɧɨɣ 
ɚɩɩɪɨɤɫɢɦɚɰɢɢ ɤɪɚɟɜɵɯ ɡɚɞɚɱ ɫ ɧɟɝɥɚɞɤɢɦɢ ɞɚɧɧɵɦɢ ɞɥɹ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɨɝɨ ɭɪɚɜɧɟɧɢɹ 
ɜɬɨɪɨɝɨ ɩɨɪɹɞɤɚ ɩɚɪɚɛɨɥɢɱɟɫɤɨɝɨ ɬɢɩɚ. ɂɡɭɱɟɧɢɟ кɪаɟɜɵɯ ɡаɞаɱ ɞɥɹ ɩаɪаɛɨɥɢɱɟɫкɢɯ ɭɪаɜɧɟɧɢɣ 
ɹɜɥɹɟɬɫɹ ɨɞɧɨɣ ɢɡ кɥаɫɫɢɱɟɫкɢɯ ɩɪɨɛɥɟм ɬɟɨɪɢɢ ɞɢɮɮɟɪɟɧцɢаɥɶɧɵɯ ɭɪаɜɧɟɧɢɣ ɫ ɱаɫɬɧɵмɢ 
ɩɪɨɢɡɜɨɞɧɵмɢ ɢ ɜɵɡɵɜаɟɬ ɩɨɫɬɨɹɧɧɵɣ ɢɧɬɟɪɟɫ маɬɟмаɬɢкɨɜ. ɉɪɢɱɢɧɨɣ ɷɬɨмɭ ɹɜɥɹɟɬɫɹ 
ɢɫкɥɸɱɢɬɟɥɶɧаɹ ɩɪакɬɢɱɟɫкаɹ ɜаɠɧɨɫɬɶ ɩаɪаɛɨɥɢɱɟɫкɢɯ ɭɪаɜɧɟɧɢɣ, ɧаɯɨɞɹɳɢɯ ɩɪɢɥɨɠɟɧɢɟ ɜ 
ɪаɡɥɢɱɧɵɯ ɩɪɢкɥаɞɧɵɯ ɨɛɥаɫɬɹɯ ɟɫɬɟɫɬɜɨɡɧаɧɢɹ. Ʉɪаɟɜɵɟ ɡаɞаɱɢ ɫ ɧɟɝɥаɞкɢмɢ ɞаɧɧɵмɢ ɞɥɹ 
ɞɢɮɮɟɪɟɧцɢаɥɶɧɨɝɨ ɭɪаɜɧɟɧɢɹ ɜɬɨɪɨɝɨ ɩɨɪɹɞка ɩаɪаɛɨɥɢɱɟɫкɨɝɨ ɬɢɩа ɹɜɥɹɸɬɫɹ ɬɪɭɞɧɵм 
ɨɛɴɟкɬɨм ɢɫɫɥɟɞɨɜаɧɢɹ как ɫ ɬɟɨɪɟɬɢɱɟɫкɨɣ ɬɨɱкɢ ɡɪɟɧɢɹ, ɬак ɢ ɫ ɬɨɱкɢ ɡɪɟɧɢɹ ɪаɡɪаɛɨɬкɢ 
ɱɢɫɥɟɧɧɵɯ мɟɬɨɞɨɜ аɩɩɪɨкɫɢмацɢɢ ɪɟɲɟɧɢɹ ɬакɢɯ ɡаɞаɱ. ɇаɫɬɨɹɳаɹ ɪаɛɨɬа ɩɨɫɜɹɳɟɧа 
ɩɨɫɬɪɨɟɧɢɸ ɢ ɩɪɨɝɪаммɧɨɣ ɪɟаɥɢɡацɢɢ ɱɢɫɥɟɧɧɨɝɨ мɟɬɨɞа ɩɪɹмɵɯ ɫ ɢɫɩɨɥɶɡɨɜаɧɢɟм ɨɛɨɛɳɟɧɧɨɣ 
ɩɨɫɬаɧɨɜкɢ ɡаɞаɱɢ ɢ ɩɪɢмɟɧɟɧɢɟм ɭɫɪɟɞɧɹɸɳɢɯ ɨɩɟɪаɬɨɪɨɜ ɋɬɟкɥɨɜа. 
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Malevanny I.I., Karjakin Ɍ.I. The longitudinal scheme of the method of lines for the numerical 

approximation of boundary value problems with nonsmooth data for a differential equation of second 

order of parabolic type. The study of boundary value problems for parabolic equations is one of the 

classic problems of the theory of differential equations with partial derivatives and causes continuing 

interest of mathematicians. The reason for this is the exceptional practical importance of parabolic 

equations, which finds application in various applied areas of science. Boundary value problems with 

nonsmooth data for a differential equation of second order of parabolic type are a difficult object of study 

both from the theoretical point of view, and from the point of view of developing numerical methods for 

approximating the solution of such problems. The present work describes the construction and software 

implementation of the numerical method of lines using the generalized formulation and application of 

Steklov averaging operators. 
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